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Abstract

A special case of Askey-Wilson algebra AW (3) with three generators is shown to serve
as a hidden symmetry algebra underlying the Hahn problem for the quantum algebra si,(2).
On the base of this hidden symmetry the corresponding Clebsch-Gordan coefficients in terms
of the g-Hahn polynomials is found.
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1 Introduction

As is well known, any symmetry of the problem under consideration corresponds to its own
symmetry operator. If there are several of them, then they can form an dynamic or hidden
symmetry algebra. In particular, the Askey-Wilson algebra is considered as the most general
algebra for problems with the polynomial solutions [1]. Her special case of Hahn algebra has
lately become quite popular. Even the so-called meta-Hahn algebra has recently been introduced
for a unified algebraic underpinning of the Hahn polynomials and rational functions [2]. On the
other hand, there is the problem of finding the algebra of dynamic or hidden symmetry from the
general principles of its construction. One of the approaches to solving this problem was proposed
in [3] for general systems possessing SU(1,1) & SU(1,1) dynamical symmetry. The quadratic
Hahn algebra QH(3) was shown to serve as a hidden symmetry in both quantum and classical
pictures. Attempt of its g-generalization can be found in [4], but they were all limited only to
the SU,(1,1) case. Although it should be noted that in [5] a new addition rule is proposed for
nonlinear algebras including sl,(2) @ sl,(2) and two types of q-oscillator algebra.

The purpose of this paper is to present an analogous to [3] algebraic treatment of hidden
symmetry for all types of algebras obeying that a new addition rule which was proposed in [5].

The paper is organized as follows. In Sec.II, we recall the addition rule for different types of
sl,(2) algebras in accordance with Ref. [5]. In Sec.IIl, the special case of Askey-Wilson algebra
AW (3) is shown to be the hidden symmetry algebra for this case. On the base of this hidden
symmetry the corresponding Clebsch-Gordan coefficients in terms of the g-Hahn polynomials will
be presented in Section IV. Concluding remarks and perspectives will form the last section.

2 Different types of s/,(2) and their addition rule

This section provides the necessary background material on the addition rule for nonlinear al-
gebras. In particular, we represent the next own notation for the sl,(2) algebra (compare with
[5, 6, 7]), which is generated by three operators Ay, Ay, A_ obeying the relations:

[Ag, Ar] = A4,
A A = g(Ag+1/2) —g(Ag—1/2) =
(¢ — ¢ (a1 g®* — asg™*"), (1)

where [a,b] = ab — ba; g(x) = a1¢*® + axq™**



In what follows we shall denote the algebra s,(2) with commutation relations (1) by the symbol
(ag,ay).

The special cases of (as,a;) algebra are:

(i) suy(2) ifag=a; >0andg>1loray=a; <0and0<g<1;

(ii) suy(1,1) ifag=a; <O0andg>1loray=a; >0and 0<qg<1;

(ili) cuy(2) if ag = —a; <O0andg>1loray=—a; >0and0<¢g<1;

(iv) euf if ay < 0,01 =0and ¢ > 1orag >0,y =0and 0 < g <1;

(v) eug if ay =0,a; >0 and ¢ > 1oray;=0,a; <0and 0 < g < 1.

The Casimir operator of the (ag,a;) algebra which commutes with all generators has the
expression

@ = A+A_ — Q(AO — 1/2) = A+A_ — a1q2A0_1 — a2q1_2A0 =
= A Ay —g(Ag+1/2) = A Ay — a1 —apq 0 (2)
In view of the defining relations (1), it is clear that s/,(2) has a ladder representation. Let

1 > 0 be a positive real number and consider the infinite-dimensional vector space V#) spanned
by the orthonormal basis vectors e, n € {0, N}, and endowed with the actions

Aoeﬁf‘) = (n + u)eﬁf’, A+€£Lu) = Tn+1€£ﬁ217 A_eﬁf‘) = Tnesz“—)la (3)
Aoeﬁf‘) = (n+ a)ega)’ A+€7(1a) = 77(1021651?1> A—ega) = rﬁla)eﬁ)l, (4)

with (e;, e;) = 0;; and where 7, is given by
re = (" — 1)(a1g™ " = aaq" ") = (¢ — ¢ ) (@ = apg' ) (5)

As expected from Schur’s lemma, the Casimir operator @ acts on canonical basis /) as a multiple
of the identity:

Qel = Q(u)e = [—a1g* ! — axqg" " H]el. (6)

Fixing the value of the Casimir operator (i) we get a unitary representation of the (as,a;)
algebra. In this paper we restricted ourselves to the representations of the positive discrete series
D:[ where r, > 0 and the state eg“ ) is the vacuum of the representation D:[, ie. ro=0.

The (ag, a;) algebra possesses an addition property that can be presented in the following way
[5]. Let {Ap, AL, Qa} and {By, B+, @Qp} be two mutually commuting sets of s/,(2) generators and



denote the corresponding algebras by A and B. A third algebra, denoted C = A & B, is obtained
by defining

Co = Ao+ B,
Oy = Arqg? + Big™. (7)

The addition rule (7) is the same as for ordinary sl,(2) algebra [7], however the algebras (ag, a;)
and (b, b) in (7) may have different types [5, 6]. It is easily seen that in order for the operators
Co, Cx to form new (cg, ¢p) algebra, the following relations must be fulfilled:

C2 = 02, d=a; = by, c1 = by; (8)
In symbolic form the addition rule (7) can be written as
(ag,d) & (d,by) = (ag, by) 9)
The Casimir operator of the resulting algebra
Qe—ses = C1C_ — g(Co—1/2), (10)
may be cast in the form

Qe=sen = {aA B+ ¢ By A+ (¢+¢ g™ + Qpg®™ + Qag P f g™, (11)

where Q;, i € {A, B}, are the Casimir operators of the algebras A and B.

3 AW(3) algebra and the Hahn problem

According to the abstract schemes which was proposed in [3] for general systems possessing
SU(1,1) @ SU(1,1) dynamical symmetry for the Hamiltonian Cy = Ay + By we have two in-
dependent integrals Ki, Ks commuting with Cj: the difference between the original operators
Ky = A = Ay — By and Casimir operators for the resulting algebra Ky = Qc: Aep- The Hahn
problem consists in finding the overlaps coefficients between the eigenbases of those two operators
K1, K5 and corresponds to the Clebsch-Gordan problem for SU(1,1). This problem is non-trivial
because the operators K; and K5 do not commute with one another.

Here we aim to construct a g-deformation of the above abstract scheme, preserving the general
algebraic foundations for this approach, i.e. to solve the Hahn problem for the quantum algebra
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sl,(2). In other words, for our case we introduce one of them symmetry operator K, as Casimir
operators for the resulting algebra (cq,¢1) = (az,d) ® (d,b1) = (a9, by), i.e Ko = Qc=sas:

Ky =Ci0-—g(Co—1/2) =(Avg ™ + Byg™)(A¢™ + B_g™) — c1g® 7" — e¢' 2 =,
= (£)¢* + P2(¢*) = (qALB_ + ¢ By A g™ + pag®® + pig™ + po, (12)
where po = (¢ + ¢ ")d;  p1 = (Qp¢“° +Qaq™); po=0.

It is clear that the second symmetry operator K is, in the general case, some function of A,
i.e K1 = f(A). The formula (12) suggests an explicit form of this function f in the following form

K, = ¢4, (13)

where while k£ is arbitrary real parameteris.
Consider the following sum K? K, + KyK? in the two-operator approach to the Askey-Wilson
algebra [8, 9], trying to transform the each term of sum into the term K;K3Kj:

KiKy+ KoK? = (¢ + ¢ ) Ki(qAyB_ + ¢ 'BLA_)¢* K + 2Py (¢%) K7,
= (" + ¢ K (K, — ) K, +2PK3,
(¢* + ¢ MK KoKy — (¢" — ¢ 7))’ PK7. (14)

To remain in quadratic combinations of the original operators Ky, K, for the last term P K7,
it is necessary to take the value of k equal to -1:

K12K2 + K2K12 - (q2 + q_2)K1K2K1 +(q— q_1)2(P2 + 1) =0, (15)

Consider in a similar way the sum K2K; + K, K2, trying to transform the each term of sum
into the term KoK Ky:

KIK, + K\Ky = 2KoK Ko+ (q—q ")[Ke; ALB. — By A ] =
(@* + ¢ ) Ko K1 Ky — (g — 71 (01K + K+ to), (16)
where ¢, = (¢ + ¢ ")*azbiito = (¢ +¢7")(Qpazg™" + Qab1g®).
Here, a great help in getting the final formula is to use the following expression for term
KQKlKQZ
KK Ky = [Pt (£)¢%]g 2P+ (1)¢°] =
= Pl R+ P () 2+ (B)P + (£)(£)” =
= piKo +p3q* + pipad®® +
+ (PA’B* +AA B B, +A_A,B,B_+q?A2B?)¢". (17)
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Thus, in the two-operator approach to the Askey-Wilson algebra [8, 9], we obtain the following
relations:

KiKy+ KoK — (¢ + ¢ ) K1 KoKy + (¢ — ¢ )2 (p2 + mKy) =0,
0

KKy + K\ K3 — (¢ + ¢ ) KK Ky + (g — ¢ ) (K + 0 Ky + 6) = (18)
Introducing the procedure of ”g-mutation” for arbitrary operators L, M
[L,M], =qLM — ¢ 'ML (19)

we get a special case of Askey-Wilson algebra AW (3) with three generators for the equation
(18), i. e. operators K1, Ky together with their g-mutator K3 obey the following algebra

[K17K2]q == K37
(K, K3), = BKy;+ CiK;+ Dy,
(K3, K1), = BKy+ CyKs + Do, (20)

where B, C 2, Dy 2 are the structure constants of the algebra (20):

B = (¢—q")’p= (- ¢ ")(Qp¢™" + Qag™®),
Cy = (q —q 1) 1 (q2 2) azby, Cy=0;
D1 = (q—q " Vto=(g—a ") (g+q ) Qpazg ™ + Qab1g),
Dy = (q=¢ " )Vpa=(a—q¢")(g+q")d (21)

The Askey-Wilson algebra with three generators AW (3) was introduced and studied in [1].
The Casimir operator ) commuting with all the generators K, K5, K3 of the our algebra has the
expression

= H{Ks, K3} +(¢* + ¢ 2)Ci K} + B{K1, K>} + (¢ + ¢ ) (D1 Ky + Do Ko) (22)

where the symbol {.,.} stands for the anticommutator {a,b} = ab + ba and Kj is the ”dual”
generator: 3
K3 = [K1, K] g = ¢ 'K\ Ky — ¢KL Ky (23)

Thus, we considered algebraic treatment of hidden symmetry for the general case of addition
of nonlinear algebras including si,(2) & sl,(2) and two types of q-oscillator algebra. To stress this
aspect as the goal of this paper the simple example are given below. Also we are specially pointed
that for the first time many different special types of addition rule were discussed in [5]-[6].
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At the beginning it follows to note that famost Jordan-Wigner realization for SU(1,1) or
SU(2), based on the two independent, but same structure set of harmonic oscillator operators and
its gq-analog, is impossible in discussed approach. So, we can unusual add (but fully justified in
given approach!) two different types of q-oscillator algebra: eu; and ew]. In symbolic form this
non-commutative addition can be written both as

eul @ eu; = sly(2) or (az,0)® (0,b1) = (ag, by) (24)

and as
eug ®eu; = M(2) [10] or (0,d=b1) & (d=az)=(0,0). (25)

According to the first variant of the addition we can consider the algebra sl (2) itself as the
resulting algebra from the two different types of q-Bose algebras that has its two parameters as,
b,. Here hidden symmetry of the Hahn problem is determinated by a special case of Askey-Wilson
algebra AW (3):

[K17K2]q == K37
[Ky, K3), = BKy+ CiK;+ Dy,
(K3, K], = BKj, (26)

where B, (' 2, D 2 are the structure constants of the algebra (26):

B = (¢—q¢ ") =(¢— ¢ ) (Qpq" + Qaqg ),
C, = (q—q¢ ')t = (¢ —q¢ by, Cy=Dy=0;
Dy = (q—q¢ Vto=(q—q ") (qg+q ") (Qpazg~ + Qabig™), (27)

According to the results of the work [1] the overlaps between two eigenbases v, and ¢, as the
Clebsch-Gordan coefficientss are expressed in terms of special case for the Askey-Wilson polyno-
mials [12] - g-analog of Kravchuk, Meixner, Charlier polynomials (basic hypergeometric function
3(1)2 or 1(1)2 for Cl = 0)

The second variant of the addition are represented the resulting algebra M (2) with only one
parameter d = ay = by. Here the hidden symmetry algebra of the Hahn problem is the following
special case of Askey-Wilson algebra AW (3):

[K17K2]q == K37
[Ky, K3], = BK,
(K3, Ki], = BKi+ Dy, (28)



where B, (' 2, Dy 2 are the structure constants of the algebra (28):

B = (¢—q¢")’p=(q—q")(Qpq” + Qaqg ),
Dy = (q—q¢ )2p=(q—q "2 (qg+q "),
C, = Dy=Cy=0, (29)

According to the results of the work [1] the overlaps between two eigenbases 1, and ¢, as the
Clebsch-Gordan coefficients are expressed in terms of special case of q-Hahn polynomials.

4 The Clebsch-Gordan coefficients in the Hahn problem

On the base of previously reviewed hidden symmetry now let’s solve the the Hahn problem or find
the corresponding overlaps Clebsch-Gordan coefficients between two eigenbases 1, and ¢, for the
operatots K, Ky respectively:

Kl¢p = )\pwpa Kl = q_A = q_AO+BO>

(30)
Kaps = psds, Ko = (¢A:Bo +¢7 BLA)g® +pag® +pig™ + po; (31)
Recall first that C = A & B and the following relations hold
Apelfe) = (o)), Apele) = roonefth, Al = el (32)
Boel? = (my+ m)elir),  Bieln) = rn ey, Boelr) =ry,el?), (33)
Coegzc) = (e + pe)els),  Crelfe) = Tnc+1€£53217 Celfe) = Tnceszic—)lv (34)

The first set of eigenvectors 1, correspond to the elements of the direct product basis 1, =
eﬁ{i‘l) ® eg’z ). This basis vectors of the direct product are characterized as eigenvectors of the
operators

QA) AOa QB) BO (35)
with eigenvalues
Q(:U'a)a Ng + Ha, Q(Nb)a np + iy (36)

respectively. The second set of eigenvectors ¢, is identified as should be to the coupled basis
elements e{<), which are the eigenvectors of

Qc, Co = Ap + By, (37)
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with eigenvalues
Q(,uc)a nc_l',uc = Ng ‘l'nb“—,ua ‘l‘,Ub, (38)

respectively. The direct product basis is related to the coupled basis by a unitary transformation
whose matrix elements are called Clebsch-Gordan coefficients. These overlap coefficients will be
zero unless

Ng+mny, =N =n¢+ fte — ftg — [p- (39)
Since n. is an integer, it follows that
e = Mo+t + T, net+T=n4+ M (40)

where = € {0,..., N} for a given value of N = n, + ny.
We may hence write

eSL/ZC) = Z ngzzz;ub,nb 7(7/a =) ® egzb)a (41)
Mg, Np
where
ey = () @ elfo)elte)) (42)

are the Clebsch-Gordan coeflicients of sl,(2).

Let’s show that this Clebsch-Gordan coefficients are expressed by g-Hahn polynomials or ba-
sic hypergeometric function 3®,. Also note that the explicit expression for the Clebsch-Gordan
coefficients (42) is known [5]-[6], [11], hence only a short derivation using a recurrence relation is
presented. By definition of the coupled basis states (37), one has

Q)Chem sy, = [merg™ ™ = e 2 )Chee = (el @ el |Qelelte))  (43)

On the other hand, upon using (11) and the actions (32), i. e. substituting the expressions (7)
for C1 and Cj into the right-hand side of (43), one finds

< (Ma ® 6 /"’b |QC|6 > — |:p2q2(na_nb+ﬂa_ﬂb) _I_ plqna_nb'i'/»‘a_;u'b +p0:| O,Ufc,nc

HasTaib;Th

Ng—np+ +1 e Ne

+rna+lrnb—1q e aTHD C;La,na—l—l sp,mp—1 (44)
Ng—np+ py—1YHesNe

+Tna—lrnb+1q “ fa= Cua,na—l sy, np+1 (45>

For a given value of N = n, 4+ n;, taking n, = n and n, = N — n, one can use the conditions
(40) to make explicit the dependence of C on :

Cterne. = w P (5 oo, po; N,

HasNaitb My
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where w = Cﬁzzﬂfﬁﬂv_w and Py(z) = 1. With these definitions, it follows from (43) and (45) that

P,(x) satisfies the three-term recurrence relation
>\(x>Pn(x) = Zn Pn(x) + Wn Pn—l(x> + Wn+1 Pn—l—l(x)? (46>

where
M) = (—eaq! e 720) (g7 o+ cg et

and matrix elements W,, and Z,, can be rewritten in the form:

we = q2(n_N+ua_Mb_1)7}2ﬂ°72L—N+1
= (1-¢")(1—r@) (1 — PN D) (1 = sg? M)
Zn = (Dg™ + Eq™) (47)

These recurrent relations with the g-dependence of W, and Z, directly indicates on g-Hahn
polynomials [12]-[13]. Omitting the details of calculation, we present the some results concerning
the connection between parameters for the g-Hahn polynomial, the the additions algebras and the
sly(2) :

a1 42

by
r = s S = —
agq bl

D = agq HHatmn) [q—2N + 57 + rg?(g? +q—2N)} E = ai(q + g~ 1)g2le—rm=N)

q4ﬁ> a; = _b2

and

—2z —1,..2x
y S °Tq

» Iq

—2n
Pn(x) - hn 3(1)2<q ’qq—2N ;q2

q2), (49)

where h,, is some normalization factor and 3P, are the basic hypergeometric function (for details
see [5], [11]).

5 Conclusion

We have shown that a special case of Askey-Wilson algebra AW (3) with three generators serves
as a hidden symmetry underlying the Hahn problem for the quantum algebra sl,(2). On the base
of this hidden symmetry the corresponding Clebsch-Gordan coefficients in terms of the g-Hahn
polynomials is found. Other most properties of these coefficients (symmetry, generating functions,
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recurrent relations) can be automatically derived for all the possible representation series, not just
the discrete series D:j discussed in the article.

In future publications, the authors intend to apply this result to find exactly solvable physical
problems.
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