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Abstract—In the space of continuous periodic functions, we construct interpolation rational
operators, use them to obtain quadrature formulas with positive coefficients which are exact on
rational trigonometric functions of order 2n, and suggest an algorithm for an approximate so-
lution of integral equations of the second kind. We estimate the accuracy of the approximate
solution via the best trigonometric rational approximations to the kernel and the right-hand
side of the integral equation.
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Interpolation quadrature formulas designed for the integration of periodic functions well approx-
imated by trigonometric polynomials were studied quite comprehensively [1, 2]. They were used for
the development of approximate methods for solving integral equations whose kernels and coeffi-
cients can be approximated by polynomials (e.g., see [3, p. 511]). In the present paper, we consider
the interpolation of periodic functions by rational operators and its application to the construction
of quadrature formulas of Gauss type and to the approximate solution of integral equations of the
second kind.

Let |ag| <1, k=1,...,n, and let

n

m(2) = [ [z — aw)/(1 —aiz)

k=1
be the Blaschke product. Since |7, (z)| = 1 on the unit circle, we have
T (e¥) = e ®n(¥) (1)

where @,,(¢) = argm,(e?) and 0 < @,(0) = arg[[,_, (1 —a;)/(1 —@y) < 27. By using relation (1),
one can readily find that

D! (p) = . — > 0. (2)
Consequently, as ¢ varies from 0 to 27, the argument ®,(¢) + ¢/2 grows from ®,(0) to
®,,(0) 4+ (2n + 1)7; consequently, the function sin(®,,(¢) + ¢/2) has zeros at the points {4},
0<wo <1<+ <ipg, <2

By using relation (1) and the Euler formulas, one can readily show that

n

14.0/2 - 1 i . . .
sin (‘I’n(SO) + f) H 1 — e w (e“" - Oé}g) —eTie/? H(l - 07;96“0)(67“0 - oTk.)

2 2Zq” k71 k=1
pn+1/2(90) - ot
= —ay) (e — ay), (3)
() kl:[l
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2 RUSAK, GRIB

where p,41/2(p) is a trigonometric polynomial of half-integer order n + 1/2 with real coefficients
and with zeros at the points {¢y}i",. In this case, we have the expansion [4, p. 17]

2n
prapa(e) = C [ sin =%, ()

Note that cos(®,(¢) + ¢/2) is a function of the form (3) as well with some trigonometric
polynomial of half-integer order in the numerator and with the same denominator; in addition,
cos (‘I’n(ﬂpk) + %) = (—1)*cos (q)n(goo) + %) .
By Q.1 we denote the set {p,(z)/¢.(x)} of trigonometric rational functions of order < n with
given denominator g,(x); accordingly, by @, . we denote the set {ps,(z)/q¢?(z)} of trigonometric
rational functions of order < 2n with given denominator ¢2(x).

For any function f(y) in the space Cs, of continuous 27m-periodic functions, we construct an
interpolation rational operator L, by setting

Lale: f) =2 fon)lin(e) l’w(@):Sin(zﬁ((f;tZ?;;;Sl(i”;g)(w/m‘ )

Lemma 1. The operator L,, defined in (5)

1. takes each function f € Cyr to a trigonometric rational function in Q) 1;
2. satisfies the conditions L, (e, f) = f(er), k=0,...,2n;

3. is exact on the set Q1.

Proof. By virtue of the representation (4), by dividing the half-integer trigonometric polynomial
Pnt1/2() by sin((¢ — ¢x)/2), we obtain a trigonometric polynomial pj,(¢) of integer order n.
By virtue of (3), the terms f (g )lk.n(p) differ from py . () /. () only by constants, i.e., are rational
functions of order < n with the same denominator ¢,(¢). Consequently, Zilo fler)lkn(p) € Qua.

It follows from (4) and (5) that I, (¢;) = 0 if k # j. But if k = j, then, by the I'Hopital rule,
we have

cos(Pn(p) + ¢/2)(P,,(0) + 1/2) cos(Pu(p;) + ¥;/2)

bnlin) = Ji o) = I, cosl{p — o3) [T+ 28,(¢,) 2 -
Then .
La(ew, )= Z F(@i)ljn(pr) = ZO + fle) X 1= flpr).
k=0 k)

If the trigonometric rational function r,(¢) belongs to @1, then the difference r,(¢) — L, (¢, )
belongs to @, 1 and is zero at the points ¢y, k =0,...,2n; i.e., r,(¢) — L, (¢, r,) has 2n + 1 zeros
on [0,27); therefore, r,(¢) — L,(¢,7,) = 0, since a trigonometric polynomial of order < n has at
most 2n zeros in the half-strip 0 < Rez < 2.

The norm in the space Cy, is given by the relation | f|c,, = max{|f(¢)|, ¢ € [0,27]}. Note
also that the interpolation operator (5) is treated as an operator mapping Cs, into Cy.; thus
(e.g., see [5, p. 201]),

[Ln(ps llcor < MLl 1 fllons  [1Lnll = maX{Z (@), # € [0, 27T]}- (6)
k=0

Using the interpolation operator (5), consider a quadrature formula for a function f € Cy,,

2n 2m

[H@den S At A= [ate)de. (7)

0
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RATIONAL INTERPOLATION AND APPROXIMATE SOLUTION 3

Lemma 2. The quadrature formula (7) has the following properties.
1. It is exact for any trigonometric rational function v, € Q1.

2. Its coefficients Ay, k =0,...,2n, are positive; moreover,
2w
Ay = ————, k=0,...,2n.
FT 20 () + 1

3. The relation Y o Ay, = 2 is satisfied.

Proof. If r,, € Q,.1, then, by Lemma 1, r,(¢) = L, (p, r,); by integrating this relation, we obtain

27 27

2n
/Tn(ﬂﬂ) dsOZ/L @, 1) dip = Zrn Pk /lkn(cp) dp =" Apra(en),
0 0 k=0

which completes the proof of the first property.
One should evaluate the integral

27 o
i i(@n(P)+9) _ p—i®n()
T (c9) = / sn'l(q)"((p) +¢/2) dp = eiw/2/ e W, @ e ® oo
Sln(((p - Sok)/Q) el — el
0
Using relation (1) for |z| < 1, consider the integral
2 . 27 " ) ) )
Ii(2) = ei*”k/Q/ o) — et do = el’m/?/ ma(e'?)e" — m, (')~ de'?
e — z el — z et
0
lg@k/Q gﬂ-n n(g) 1
“ ®)
—2)¢
=1

EE
Since, by the Cauchy integral formula,
[ €Dl ds = 2mim ),
|z|=1

and the function ((£ — 2)&m,(€))~! has no singular points in the domain |¢] > 1 and has a second-
order zero at infinity, it follows from (8) that I (z) = 2me**/?x,(z). Obviously,

I.(e"*) = lim Ec(z) = 2me™ /2, (€% = 2me (Pn (PR Ter/D) — o1 cos(®,, (¢r) + @1 /2).

z—e'Phk

This relation, together with (5) and (7), implies that

_cos(Py (i) + ©i/2) 7 sin(®,(p) +¢r/2) , 2
A= 297 (¢r) +1 / sin((¢ — ¢r)/2) v 297 (op) + 17

the coefficients A;, are positive by virtue of inequality (2).

To prove property 3, it suffices to note that r,(z) =1 € @Q,, 1, and, by virtue of the exactness of
the quadrature formula on @),, 1, we obtain

on 2m
Z Ay = /d(p = 2m.
k=0 9

The proof of Lemma 2 is complete.
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4 RUSAK, GRIB

For a function f € C,,, we define the best uniform approximation by trigonometric rational
functions in @, ; and @, > by setting

Ry (f) =inf(|f = rull, 70 € Qua),  Ran(f) =inf(|[f —ranll, 720 € Qno2).

Theorem 1. The quadrature formula (7) is exact for rational functions in the set Q) 2, and its
accuracy can be estimated as

< 4mRy,(f). (9)

/f(@) dp = Apf(pr)

Proof. Let us show that each trigonometric rational function 5, € @), 2 can be represented in
the form
¥

ran() = sin (.(¢) + 7 )

Pr-1/2()  Pu(e)
(@) )

where p,_1/5(p) is a trigonometric polynomial of half-integer order and the rational function
Pn(©)/qn(p) belongs to @, ;.
Indeed, let L, (p,r2,) be the value of the interpolation operator for the function r,,; then

L.(o,7r9,) = (@) = pu(p)/aa(v), and the difference ry,(¢) — pn(@)/q. () is zero at the points
{pr}i™,; therefore,

(10)

pn(@) . 2 pnfl/Q(SO)
ran(p) = 25 = sin (@, (i) + £ ) P
’ an () 2/ qu(®)
which is equivalent to relation (10).
Let us now show that
2m
, P\ Pn-1/2()
sm((I)ncp —1——)70@:0. 11
/ @5 () )

0

Since a trigonometric polynomial of half-integer order can be represented in the form

T

tno1/2(p) = Z(ajei(jfl/@w + bjefi(j71/2)<p)’
j=1

we find that relation (11) follows from the relations

2m

, @ /sin (<I>n(<p) +

0

2RSS

) (ili=1/2)p

dp=0, j=1,....n, 12
4n () (12)

which should be proved. By using the Euler formulas again and by passing to complex variables,
we obtain

27
iG-1/2)
=1 / (i@ )+e/D) _ pmitoutorrery €T 4
2 ()
0
27

_ l ﬂ.n(eiga)eicp/Q _ ﬂ.n(eiap)—le—iap/2
2 ) T (e — e s~ ar)
1 n+j—1 1 n+j—2
S (N S R B ;')
2 [T (1 — o) 2|£|71 [Tiei (€ —an)

1€l=1

eti=1/2)¢ dyp
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RATIONAL INTERPOLATION AND APPROXIMATE SOLUTION )

because the integrand in the first integral on the right-hand side is analytic in |z| < 1, and that in
the second integral is analytic in €] > 1 and has a second-order zero at the point at infinity.
It follows from relations (10) and (11) and Lemma 2 that

2m 27 27 omn omn

/rzn(sr?) dp = /p"(go) dip = /rn(w) dp = Z:Akrn(wk) = Z:Akrzn(sok);

J an ()

i.e., the quadrature formula (7) is exact on the set @, o; in other words, formula (7) is a quadrature
formula of the Gauss type.

Let 73, (¢) be a trigonometric rational function of the best approximation for the function
f € Cor, 3. (¢) € Qna; ie., the relation

Hf - r;nHC%\- - R;Fn(f)

holds. For the accuracy of the quadrature formula, we have

/ f@) do— " Auf(p)| = / (F(9) — (@) do+ 3 Aulriu(on) — F(o0))

< / @) = 3u(@) do+ 3 Alria(on) — Floe)| < AmREL(F).
0 k=0

The proof of Theorem 1 is complete.
Note that RY(f) > R2 (f), and inequality (9) remains valid if R (f) is replaced by RZ(f).
Now consider the integral equation

2

2(s) — A / h(s. D (t) dt = y(s), (13)

0

where y(s) € Cy, is a known function and the kernel h(s,t) has period 27 with respect to each
variable and is jointly continuous. It is known that, for small |A|, there exists a unique solution of
Eq. (13), which is a continuous periodic function (e.g., see [6, p. 109]). By replacing the integral
on the left-hand side in relation (13) by a quadrature formula and by requiring the validity of that
relation only at the node points {p; }?’;0, we obtain the system of linear algebraic equations

2n

5= XY Ak, o)z =ylp;),  §=0,...,2n, (14)

k=0

whose solution provides the approximate values of the solution of Eq. (13) at the node points.
We define an approximate solution for all values of s as a rational function defined by the interpo-
lation operator (5) at {zx}™,,

z(s) = szlkyn(s). (15)

It is also convenient to rewrite system (14) in the operator form

20 y(o) 20 y(o)
Rl 2|2yl | o 2 | 2| vl | (16)
Zon y(SOQn) Z2n y(@Qn)
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6 RUSAK, GRIB

where K is a linear operator on the space R*"*! and K ! is the corresponding inverse operator on
the same space.
The integral equation (13) is also represented in the operator form Kx = y, where K is a linear
operator on the space Cy, and || K| is the norm of it treated as an operator mapping Cs, into Co;.
We assume that the kernel h(s,t) can be approximated by rational functions in the set @),, 1 with
respect to each variable; i.e., there exist functions

1 ( -
hi(s,t) = 0 (aoz(s) + Z ay,(s) cos kt + b (s) sin kt) ,

an —
1

ha(s,t) =

<a02(t) + Z aj (t) cos ks + by, (t) sin kS) , (17)
k=1

qn(s)
with continuous 2m-periodic coefficients and these functions satisfy the inequalities

Ih(s,t) — hy(s,8)] < RZ (h),  |h(s,t) — ha(s,t)| < BT (h), O0<st<2m  (18)

Theorem 2. If z(s) is the exact solution of Eq. (13) whose kernels satisfy condition (18) and
z(s) € Qu.1 is an approzimate solution found from Eqgs. (14) and (15), then the following estimate
holds:

|2(s) = 2(8)lcs, < (1Lnll 1K 151+ @A Ry o ()]l + Ry ()
HAm|[ Lol MK RS () (R (y) + ([l (1 + 27 ARy o (R))). (19

Proof. First, we approximate the exact solution by the rational function
27

F(s) = A / ho(s, £)(t) dE = (), (20)

0

where 7(s) € @1 is the rational function of the best approximation to y(s); therefore,
ly(s) —y(s)|| = RE(y). By subtracting relation (20) from (13) and by taking into account condi-
tions (18), we obtain

2m

A / (h(s,£) ~ho(s,0))(t) dt + y(s) — 7(s)

0

[z(s) = Z(s)ll ., = < 2m|A[R, (W) |z]| + Ry, (y)-

(21)
Now we define a rational function Z(s) from the nodal values {¢;}3", by setting [with regard
of (16)]

Z(o) Uo o

(e1) | _ K| "o, u; =T(p;) — A / h(p;, t)x(t) dt, j=0,...,2n. (22)
o o J

x(@?ﬂ) Uzn

By virtue of relations (14) and (16), the values of the rational function Z(s) can be determined
in the form

Z(o) Vo

o 2n

() | _ 1| v =) A Ah(e,e0)T(er),  j=0,....2n. (23)
o e .. k=0

Z(pan) (2

(Reg. No. 211, 9.3.2012) DIFFERENTIAL EQUATIONS Vol. 48 No.2 2012



RATIONAL INTERPOLATION AND APPROXIMATE SOLUTION 7

By subtracting relations (23) from (22) and by estimating the values of the operator R?"*! via its
norm, we obtain the inequality

27 on
omax [T(p;) — x(p) < [K77|| max A/h(%ﬂf)ﬂf(t) dt A;Akh(%@ww(w) - (29

0

By using the kernel hq(s,t), which, by virtue of the representation (17), is a rational function of
t in the set @, 1, and by using the fact that, for any s, the product hy(s,t)Z(t) is a rational function
in @2, from Theorem 1, we obtain the relation

2m on

[ mlestayat =3 Ao paen). (25)

0 k=0

It follows from relations (24), (25), (18), Lemma 2, and inequality (21) that

max [7(p;) = (#;)]

0<j<2n
2m 2n
<R g 3 [ (hosst) = (o, DO dt 4 XY Al 0. bl o0)(0)
=j<2n k=0
0 =
< || KY[N[7] R, (h) < 4| K [[ARE, (R)([l]|(1 + 27(A| RE (b)) + R (). (26)

Then, by taking into account (6), for the uniform norm, we obtain
1Z(2) = F(P)leo, < A LallllEH AR () (2] (1 + 27| R o (B) + Ry (). (27)

If {z;}2", is a solution of system (14), then, by virtue of Egs. (13) and (16), we have

20 y(o) .
TR P ey =ate) A [ R tatd =020 @9
Zon Y(pan) 0

where z(t) is an exact solution of the integral equation.
It follows from relations (22), (28), (13), and (21) that

T(py) — 2(p;) + A / Wy, )(a(t) — T(t)) dt

< KKz (s) = 2(s)l| < 1K KN 7N RY o (B) ]l + Ry (9));

~ ) _ . < ~_1
omax |Z(p;) — h<{ K| max

therefore, by virtue of (6), for the uniform norm ||z(s) — z(s)|| [see (15)], we obtain the estimate
12(s) = 2(s)Il < 1L IIEHNIE N 2rIA R, o (W) |2]] + R (y)). (29)

By combining the estimates (21), 927), and (29), as a result, we get

lz(s) = 2(s)ll < ll2(s) = Z() + [[7(s) = Z(s)l| + [|7(s) — 2(5)l]
< @r|A Ry (W)l + By () (1 + (1L ][I
4| Lo [I1E M IALRE, (B (2 (L + 27 AL R o (R) + Ry (),

which coincides with the estimate (19).
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Remark. All quantities occurring on the right-hand side in the estimate (19) are bounded;
this fails only for the norm ||L, | of the interpolation operator, which, in a number of important
cases, has logarithmic growth with respect to n. This right-hand side depends essentially on the
parameters {«a;}7_,, which are chosen depending on properties of the kernel h(s,t) and the right-
hand side y(s) of the integral equation. If, for integer values of n and for a positive «, there exist
sets {ax }}_, such that

rLm=o(). mm=o(r). mw-o(.).

ne n< ne

then it readily follows from Theorem 2 that the accuracy ||z (s)—z(s)||c,, satisfies the order estimate

lz(s) — 2(s)|lc,, = O (H%H) .

na

In conclusion, we note that the rational approximation was used in [7] for the estimate of the
accuracy of an approximate solution of a characteristic singular integral equation.
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