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Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ñëåäóþùàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ

˙∂f

∂p
− ∂ϕ

∂q
= a1f + b1ϕ,

∂f

∂q
+

∂ϕ

∂p
= a2f + b2ϕ, (1)

ãäå ak = ak(x, y), bk = bk(x, y), p = p(x, y), q = q(x, y)(k = 1, 2)� êîìïëåêñíûå ôóíêöèè êëàññà
C2(D); D � îäíîñâÿçíàÿ îáëàñòü; ∂f

∂p = 1
δ (fxqy − fyqx); ∂f

∂q = 1
δ (fypx − fxpy)(δ = (pxqy − pyqx) 6= 0 â

îáëàñòè D) � äèôôåðåíöèàëüíûå îïåðàòîðû (ôîðìàëüíûå ïðîèçâîäíûå), îáëàäàþùèå ñâîéñòâàìè
îáû÷íûõ ÷àñòíûõ ïðîèçâîäíûõ.

Äàííàÿ ðàáîòà ïðèìûêàåò ê èññëåäîâàíèÿì È.Í. Âåêóà ïî îáîáùåííûì àíàëèòè÷åñêèì ôóíê-
öèÿì. Äëÿ äàëüíåéøåãî íàì ïîòðåáóþòñÿ áèêîìïëåêñíûå F -ìîíîãåííûå ôóíêöèè.

Îïðåäåëåíèå 1. Áèêîìïëåêñíîé ôóíêöèåé íàçûâàåòñÿ ôóíêöèÿ âèäà w = F (x, y) = f(x, y) +
jϕ(x, y), ãäå j2 = i2 = −1, i 6= j, f, ϕ, � êîìïëåêñíûå ôóíêöèè.

Îïðåäåëåíèå 2. Áèêîìïëåêñíàÿ ôóíêöèÿ w = F (x, y) = f(x, y)+jϕ(x, y) íàçûâàåòñÿ F -ìîíîãåííîé
ïî ôóíêöèè P = p(x, y) + jq(x, y) â îáëàñòè D, åñëè ñóùåñòâóåò òàêàÿ ôóíêöèÿ θ, ÷òî â îáëàñòè D
Fx = θPx, Fy = θPy.

Äîêàçàíû òåîðåìû.
Òåîðåìà 1. Ñèñòåìà (1) ðåäóöèðóåòñÿ ê ñëåäóþùåìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

∂w

∂Q
= αf + βϕ,

ãäå w = F (x, y) = f + jϕ, α = 1
2 (a1 + ja2), β = 1

2 (b1 + jb2), Q = p− jq,
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.

Òåîðåìà 2. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (1) ðàâíîñèëüíà ñëåäóþùåìó èíòåãðàëüíîìó
óðàâíåíèþ

ḟ(B) + jϕ(B) =

B∫

M0

(α · f + β · ϕ)dQ(M) + F [P (B)], (2)

ãäå F [P (B)] � ïðîèçâîëüíàÿ ôóíêöèÿ, F -ìîíîãåííàÿ ïî ôóíêöèè P â òî÷êå B ∈ D; f = f(B, M) =
∞∑

m,n=1
amnPm(B)Qn(M) ò.ï.; èíòåãðàë áåðåòñÿ ïî ïðÿìîëèíåéíîìó îòðåçêó M0B, ïðèíàäëåæàùåìó

íåêîòîðîìó çàìêíóòîìó êðóãó K ⊂ D ñ öåíòðîì â òî÷êå M0,M ∈ M0B B � ïðîèçâîëüíàÿ òî÷êà
êðóãà K.

Ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé íàéäåíî îáùåå ðåøåíèå w = f + jϕ èíòåãðàëüíî-
ãî óðàâíåíèÿ (2) (ñèñòåìû (1)) è äîêàçàíà åãî åäèíñòâåííîñòü äëÿ äàííîé ôóíêöèè F [P (B)], F -
ìîíîãåííîé ïî ôóíêöèè P .
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