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INOACHUMTEJIBHASA 3AIINCKA

OcHoBHas nenp YMK — o0ecnieunTs OpraHu3annio yueOHO-TI03HABATEIbHOM
JESITEIbHOCTH  CTYJEHTOB TMpPH H3yYeHUU JucHuIuinHbl «Teopust QyHKumii
JNEUCTBUTEIILHON ITIEPEMEHHOWN.

B cootBercTBun ¢ TpeboBaHusMu k YMK ero crTpykTypa mnpezncraBiieHa
CIIEAYIOIMMHU pa3JelaMUi: TEOPETUUYECKUM, MPAKTUUYECKUM, KOHTPOJS 3HAHUM U

BCIIOMOTaTEJIbHBIM.

1. Teopernuecknii pazzien BKIOUYAET JIEKIUOHHBIN MaTepHall.

2. [IpakTuecknii pa3en BKIOYAET TEMATHKY NPAKTUYECKUX 3aHAUN U
PUMEPHBIN NIEPEUYEHb 3aJaHUI 1711 paOOThI B Ay AUTOPUH U IOMA.

3. Pa3nen KOHTpOIS 3HAHWMM BKJIKOYAET BOIIPOCHI K 3a4ETy, MATEPHUAIIBI
IIPOBEPOYHBIX U UTOTOBOM padoT.

4, Bo BcroMoraTtenbHOM paszzene pa3MeleHbl: ydeOHasl porpaMmma Io

JTAHHOM JUCIUILUIMHE; CIUCOK PEKOMEHIYEMOW OCHOBHOM W JOMOJHUTEIBHOU
JUTEPATYPHI, 33JIaHUS JIsI CAMOCTOSTEILHON pabOThI CTY/ICHTOB.
OcHOBHBIMHM  1eTIAMH  TUCHUIUIMHBL  «Teopuss ¢GyHKUMA JIeHCTBUTETHLHOM

MIEPEMEHHOW SIBJISIFOTCA:

- pa3BUTHE MATEMATUYECKOTO MBILUICHUS YYalIUXCS;
- OCBOCHHE CTYJAECHTAMHU METOJIOB IIOCTPOECHUS U UCCIICIOBAHUS MATEMaTUYECKUX
MOJIEJIEH 3BOIOLIMOHHBIX TPOLECCOB PEATBHOIO MUPA.

OCHOBHBIMH 3aJja4aMU JTUCHUIUIMHBI «Teopus (yHKIUNA JEHCTBUTEIHLHOM

MIEPEMEHHOW SIBJISIFOTCA:

- YCBOEHHUE crenu(UYecKoro MOHATUHHOTO armapaTa Teopuu QyHKITUN;
- COBEPILIECHCTBOBAHHE HABBIKOB CAMOCTOSITETIbHONU pabOThl C HAYYHOM
JIUTEPATYPOU;
- 0000111eHNEe OCHOBHBIX MOHATUHN U CTPYKTYP MaTeMaTH4YECKOIO aHaAIN3a.
Kypc teopun pyHKIMI qeHCTBUTEIBLHON TEPEMEHHON UTPAET BaXKHYIO POJIb

B CHCTEME MaTE€MaTU4YeCKOM MOATOTOBKUA OyAyIIUMX Yy4yuUTEJIe MaTeMaTUKu |
UH(OPMATHKHU.

[Ipu u3yyeHUM AAHHOW MUCUUILUIMHBI NAa€Tcs CTporoe oOOCHOBaHUE paHee
U3YYEHHBIX B KypC€ MATEMAaTHYECKOI0 aHalu3a MOHATUNA. A Takke MO3HAKOMUT
CTYACHTOB C PSIIOM HOBBIX JUI HUX TOHSTHH, U3y4EHHE KOTOPBIX HEOOXOAUMO
Ui Oyayuieit paboThl B KaUYECTBE yUUTENs] MAaTEMATHKU: 3JIEMEHTapHbIE CBEICHUS
U3 TEOPUU MHOXKECTB; C 3JIEMEHTaMU (DYHKIIMOHAJILHOTO aHAJIN3a.

YMK cocTaBieH B COOTBETCTBUM C TpPEOOBAHUAMU OOpPa30BATEIBHOIO
CTaHJapTa BBICIIErO0 OOpa30BaHMS W PACCUUTAH HA U3YyYEHUE IUCLUUIUIMHBI B
HIECTOM ceMecTpa OOydeHHs, 4TO OOYCIIOBJIEHO HEOOXOAMMOCTBIO MOJIyYEHUs



CTYACHTaMH JOCTAaTOYHBIX 3HAHMNA 1O MAaTeMAaTUYECKOMY aHalu3y, aiareope u
AHAJIMTUYECKOW TEOMETPUH, a TaKkXke MPHOOpEeTeHUsT HUMHU HEO0OXO0IUMOM
MAaTEMATHYECKOUN KyJIbTYypbl. [Ipeamonaraercs, 4To K MOMEHTY u3yuyeHus «Teopun
(GYHKIUI JEHCTBUTENBPHOW IIEPEMEHHOI» CTYAEHT YXKE CBOOOJHO BIaJeeT
OCHOBHBIMU MOHSATHSIMM MaT€MaTUYECKOro aHainu3a (Tpees, HENpepbIBHOCTD,
IPOU3BOJHAs, MHTErpaj, psi), 3HAET BAXKHEHIIME CBOWCTBA HENPEPHIBHBIX
(GyHKIUH, 1 TeopeMbl KypcoB U hepeHIIMaTIbHOTO U UHTETPAIbHOTO UCUUCIICHUS
U MOXET 000OIIUTD ATH MOHATHS, CBOUCTBA  TEOPEMBI.

W3ydyenne paucuuiiauHel 10 BbIOOpY cryaenta «Teopus ¢yHKIui
JEUCTBUTEILHON NIEPEMEHHOIW» JOJIKHO 00eCreunTh (OPMUPOBAHUE Y CTYJECHTOB
aKaJeMUYECKHUX, COLUAIBbHO-IINYHOCTHBIX U MPOPECCHOHATBHBIX KOMIIETEHIUI.
IIpy n3ydyeHnH TUCHUIUIMHBI INIAHUPYETCS MPOBENCHUE YCTHOTO ONpoca U
IIPOBEPOYHBIX padOT B paMKaxX yueOHBIX YaCOB, OTBEJACHHBIX HA ayJUTOPHBIE
3aHATUA 110 JucUUIUIMHE. [IpoMeXyTOUHBINM KOHTPOJIb 3HAHUN OCYILECTBIISAETCSA
MOCPEICTBOM TECTOBBIX 33JJaHUM, IPOBEPOUHBIX pad0T. UTOrOBBIN KOHTPOJIb
POBOJUTCSA B (popme 3a4€Ta M MPEeanoiaracT OTBET Ha TEOPETUYECKHI BOIIPOC U
BBITIOJTHEHUE UTOTOBOM pabOTHI.



1. TEOPETUYECKWMI PA3JIEJI

1.1. KoHcnekT JeKkuuu
1. MaryTHaciib MHOCTBA

1.1. Ilepurana4aTKOBBISA 3BECTKI ITPa MHOCTBBI
[TaHsime MHOCTBA 3’ SIyJIseIla AaCHOYHBIM TIEPITACHBIM TTAHSIIIEM MaTIMAaThIKI.

MHocTBa cKiIazaeriia 3 areMenTay. Kami MHOCTBa A CKIlajiaeliia 3 JieMeHTay a, b, C,
TO I3ThI PaKT CIMBaJIIYHA 3aIICBAIOLb TAK:

A={a, b, c}.

Taxi 3amic BEIKapbICTOYBaeIa ¥ BbIMAJIKY, Kajll MHOCTBA 33/aclilla Nepaiy3HHEM
yCIX CBalX 3JIEMEHTaY.

MHocTBa MOKHa 3aJallb TaKcama 1 Ipbl Janamo3e YKa3aHHs aryjbHail (xapakTa-
PBICTBIYHAI) yIIACIiBACIII SAT0 JeMeHTay. Tajbl SHO CIMBaJlivyHa 3aImicBaeIa TakK:
y QIrypHBIX Jy’KKax Jaenua abazHausHHE 3JIEMEHTA, 3aThIM 173€ BEpThIKaIbHas
pBICKa, Maciid g€ 3aliCBalolb YJIacl1BaCIlb, IKOM Bal0Ja0lb 3JIEMEHTHI J1aJ3eHara
MHOCTBA 1 TOJIbK1 SIHBI.

IIPBIKJIA/] 1. Hsaxaii A — MHOCTBa pa4aiCHBIX JIIKaY X, JIJIs IKi1X BRIKOHBAEI[Ia
HspoyHacik X—1<0. [5TeI pakT MosxHa 3amicarp Tak: A={X [x*~1<0}.

Kam X 3’synseria sneMeHTaMm MHOCTBA A, TO TIIyIh, mTo x€A. Kam X He 3’s1y-

JIsieIIa MIEeMEeHTaM MHOCTBA A, TO YI)KbIBAIOIIb 3a1ic XA abo x€ A.

’HPHKJZA,ZZ 2. Hsxait A={1, 2, 3, 9}. Tans1 2€A, —1¢A.

Kam MHOCTBa HE 3MsII49ae HiBOI[HaI‘a QJIEMCHTA, TO S0 Ha3bIBAIOIb ITYCTBIM

MHOCTBaM 1 aba3zHauyarons J.

TIPBIKJIAJ] 3. MHOCTBA YciX pIuaiCHBIX paImdHHSY payHaHHIY X +5=0
3’stysiena myCThIM.

A3HAUYDHHE 1. Haxaii A 1 B— nBa maoCcTBBI. Kait KOKHBI DJIEMEHT MHOCTBa A
HaJIeXKBII[b MHOCTBY B, TO raBopaiip, mro A €cip yacTtka abo 1maJMHOCTBA MHOCTBA
B 1 mimryms AcCB.

|’HPBIKJIAJZ4. A={1,5,7},B={1,8,5,9,7,3}. ACB.
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A3HAUYUDHHE 2. Haxaii A 1 B— nBa maocTBBI. MHOCTBEI A 1 B Ha3sIBarora

poyHbIMi, Kalit ACB 1 BCA, T. 3H., IITO KOKHBI 3JIEMEHT MHOCTBa A 3’syJseria
AJIEMEHTaM MHOCTBA B 1 HaaBapoT, KOXKHBI 3JIEeMEHT MHOCTBA B 3’stymsiertiia
anemMeHTaM MHOCTBa A. [1pbI r3ThIM 3amicBaronb A=B.

TIPBIKJIA/] 5. Hsaxaii A — MHOCTBA paunHHsY payHaHHs x—4=0, B — MHOCTBa
panmHHAY payHaHHs |x|=2. 3pazymena, mto A=B.

A3HAYDHHE 3. Haxaii A 1 B— gBa MHOCTBBEL. MHOCTBA, SIKOE CKJIaaela 3
yCIX 3JIEMEHTaY, [Kis HajJexXallb aHaMy 3 MHOCTBay A abo B, Ha3biBaela
a0’ssqHaHHeM MHOCTBay A, B 1 aba3nauaenia AUB.

A3zHaudHHE 3 MOJKHA 3aIicalb TakK:
AUB={X [xe AvxeB}.
mnpbmwz 6. A={1, 6,8}, B={1,3,6,5 9}. AUB={1, 3, 5,6,8,9}.

A3HAUYSHHE 4. Haxaii A 1 B— nBa MHOCTBBEL. MHOCTBA, SIKO€ CKJIaJaclia 3
yCIX 3JIEMEHTaY, [Kis HaJeXallb aJJHayacoBa MHOCTBY A 1 MHOCTBY B, Ha3bIBaella
nepacsiydHHeM MHocTBay A, B 1 abaznauaeniia ANB.

ANB={x |xe AAxeB}.
mnpb[wwz 7. A={1, 6, 8}, B={1, 3, 6,5, 9}. AnB={1, 6.

AHanariyHa BeI3Ha4aroIa 1 abasHavaroria a0’ ssyHaHHE 1 Iepacsu’HHE JII000ra JIKY
MHOCTBAY.

A3HAYDSHHE 5. Kami AnB=J, To raBopairs, mto MHOCTBBI A 1 B He mepacs-
KaroIIla.

An3Ha4YbIM, ITO a0’ ATHAHHE 1 IepacsYdHHE MHOCTBAY BaJIOIAIOIh HACTYITHBIMI
ynacuiBacusmi:

1. AUB=BUA, AnB=BNA (kamyTtarblyHaciip);

2. (AUB)UC=AU(BUC), (ANB)NC=AN(BNC) (acaupisaTblyHACIIb);

3. (AUB)NC=(ANC)U(BNC), (AnB)UC=(AUC)N(BUC) (apICTpBIOYTHIVHACITS).
3ayBaXkbIM TaKcaMa HacTyIIHAe:

kani BcA, o AUB=A, AnB=B;



AUA=A, AnA=A.

A3HAUYDHHE 6. Haxaii A 1 B— nBa MHOCTBEL. MHOCTBA, IKO€ CKJIaJacIia 3
yCiX TBIX 3JIEMEHTAy MHOCTBA A, sIKisl HE HaJIEKallb MHOCTBY B, Ha3pIBaema
po3Haciro MHOCTBaY A, B 1 aba3nadaera A\B.

A\B={x |[xe AAx¢B}.
Y raThIM a3HaY’HHI HE MApKyela, mTo BCA.
|VHWJKHAHS_A=U,&5,&3B:{L7,i9}zUB=B,8L

A3HAYDHHE 7. Kani mHocTBa B 3’sysera yactkait MHOCTBa A, TO pO3HACIIb

A\B HaszpIBaena gagarkaM MHOCTBa B 1a MHOCTBA A 1 aba3zHauaerna C B abo
CB.

JlagaTak MHOCTBA Bajio/la¢ HACTYIMHBIMI YIIaCIIiBACIISIMI:
C(CB)=B;

CUB=CB;
CNB=UCB,.

®opmyel 2) 1 3) Ha3bIBaroIa (hopMysiami ABaiCTACIII.

1.2. AgmaBeaHacii mamMi>x MHOCTBaMmi

A3HAUYDHHE 1. Hsaxaii x, y — sikis-HeOya3b 2iieMeHThl. MHOCTBa {{X, y}, v} Ha-
3pIBaclIIa napai (ynapaakaBaHai napai) anemenTay x 1 y 1 abazHavaera
cimBaiam (x, y).

Taxim gbIHaM,

(e, »)={{x, v}, y}.

DieMeHT X Ha3bIBaelllla Mepilai KaMImaHeHTal (KaapaplHaTaii) mapsi (X, y),
AJIEMEHT y — JIPYyTroi KaMIlaHeHTal (KaapJibIHaTal).

JI€rka 3ayBaxkbllib, IITO (X, ¥)=(x" y) < x=x"Ay=y".

3AVBATA 1. He Tps6a 3MemiBanb nassiii MHOCTBA {X, ¥} i mapsl (x, ).
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|’ TIPBIKJTIAT 1. {1, 2Y={2, 1}, (1, 2)=(2, ). {1, 13=(1, 1), 60 {1, 1}={11}, (1, D={{1}, 1}.

A3HAUYDHHE 2. ITapa ((x, y), ) Ha3bIBaella Tpolikai (ynpaakaBaHai TpoHKaii)
9JIEMEHTAY X, y, Z 1 aba3Havaenma (x, y, Z).

AHanariuHa MO»Ha BbI3HAYbIIIb YalBEPKY, MSAUEPKY 1 T. 1. SJIEMEHTaY .

A3HAUYDHHE 3. Haxaii X, Y — sikisi-He0y/13b JJBa MHOCTBBI. 37Ja0bITKAaM MHOCT-
Bay X 1 Y Ha3bpIBaela MHOCTBa (aba3nagaera XxY) ycix map (x, ), 13e xe X,
yeY.

Taxim gbtHam, XxY={(x, y)| xe XAyeY}.

3AYBATA 2. YxbIBaroliiia Takcama 1 HaCTYITHBISI TOPMIHBL: «IIPaMbl 31a0bITaK,
«JIPKapTaBbl 371a0BITAK.

TIPBIKJIAL 2. X={1, 2,3}, Y={a, b, ¢, d}. XxY={(1, a), (1, b), (1, ¢), (1, d), (2,
a), (2,b), (2, ¢), (2, d), (3, a), (3, b), (3, ¢), (3, d)}.

A3HAUYDHHE 4. JIro6oe nmagmuocTa f 31a0b1TKy XxY Ha3bIBacIIla aIraBeTHACITIO
nami>k MHOCTBami X 1Y,

IIPBIKJIA/] 3. X={1, 2,3}, Y={a, b, ¢, d}. f={(2, a), (3, b), (3, ¢)} —
aJraBeHaclb maMi>k MHOcTBaMl X 1 Y.

A3BHAUYDHHE 5. Hsixaii f — aamaBeaHacp namick MHOcTBami X 1Y, Kati

(x, y) ef, To raBoparie, mTo npsl aamaBeaHacIl f aIeMeHTy x aamaBsgae SJIEMEHT ).
[TpbI TATHIM y Ha3BIBACIIIIA YJICMEHTAM, SIKi aaIaBsaac dJIEMEHTY X. DJIIEMEHT )
Ha3bIBacIIla TakcamMa BOOpa3aM 3JIEMEHTA X, a JJICMEHTaM X — MpaBoOpa3zaM
9JIEMEHTA ).

MHocTBa yCiX MepiibiX KaMIIaHeHTay map, sSKis HajaeKalb aanaBeanacii f, Haspl-
Baella adcsraM BeI3HAUIHHS TITal aanaBeaHacii i abaznavaena D(f).

MHocTBa ycix Apyrix KaMIaHEHTay TaKix Mmap Ha3blBaelllla abcsiraM 3HaYdHHSY
annaseanacti f 1 abasznauaera E(f).

IIPBIKIJIAJ] 4. Hsxaii f — anmaBemnacip, pasriemkanas ¥ npbikianze 3. Taasl
D(H)={2, 3}, E(f)={a, b, c}.

3AVBATA 3. Amnaseanacins f mamik Maocteami X i Y MOYKHa Har/saHa
makasailb 3 JanaMorai gapipika. DneMeHTsl MHOCTBaY X 1 Y a/uIiocTpOyBaIOIb
nyHKTaMmi miockaciii. [y koxHait mapsl (x, y), sikas HaJIeXKbILb anaBeaHactii f,
pOOsIIb HACTYITHBIS NTA0YJaBaHHI: a1 TyHKTA, SK1 aJUTIOCTPOYBAE AIEMEHT X TPO-
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BO3AIIb CTPAJIKY JIa TyHKTA, SIKi aJ7TIOCTPOYBAE aaIaBEIHbI MY SJIEMEHT ).
ATpbIMaHbI Yapliex Ha3bIBaema rpadam agamnaseaHacti f.

3AVBATA 4. Haxaii X, Y — HeKaTopbId MHOCTBEI P4UaiCHBIX JTikay, a f —
a/iMaBeTHACIb MaMIXK MITHIMI MHOCTBaMI. Y TipaMaByTroJIbHAM AKapTaBaii cicTame
KaapJpIHAT a0y IyeM yce MyHKThI, KaapAbIHaTaMi SKiX 3’ sIYJISFOIIa aphl JTKay, sKis
HaJie)xanb MHOCTBY f. ATppIMaHae MHOCTBa IyHKTay Ha3biBaela rpadikam
annasenHacui f.

A3HAUYDHHE 6. AanaBennaciip namixk MHOCTBaMi X 1 Y, TIPBI SIKIM KOXHAMY
AJIeMEHTy X € X aJlllaBsiiae aa3iH 1 TOJIbKI aJ31H JIEMEHT Y€ Y, Ha3bIBaellla
GbyHKUBISH 111 aniepaTapam, ado aJTIocTpaBaHHEM MHOCTBA X y MHOCTBa Y.

HOpy‘-I 3 cimBaiam f TAaKYIO aAIIaBCAHACIb a6aSHaanOHL

f: XY a6o X — > .

AOcsiram BbI3HAUAHHSI TaKOM aJliaBeIHACII 3’ sIyJIgelIia MHOCTBA
X: D(H)=X.

SIHo Ha3bIBaela abcsramM BeI3HAYIHHS (YHKIIbII f.

AOcsr 3HaY’HHSAY TAKOM a/illaBeIHACIIl Ha3bIBaea adcsraM 3HAaY3HHSY (DYyHKIIbII

f.

DneMeHT x € X Ha3bIBaelllla apryMeHTaM a00 He3alIe)KHAM 3MEeHHal. AIlaBeTHbI
My 2JIEMEHT y aba3Hauaera npa3s f(x) 1 Ha3wIBaela 3HauY3HHEM QYHKIIBI y
MYHKIIE X.

A3HAYSHHE 7. Kani abcsiram BhI3HAUSHHS 1 a0csiraM 3HaYDHHSY QYHKITBII 3’51y -
JISTFOIIIIA HEKATOPBISI MHOCTBBI PAYAICHBIX JIIKAY, TO Takas (DyHKIIbIS Ha3bIBaCIIIIa
padaicHal (QYHKIIBISII aIHON pIvuaiCHal 3MEHHAH.

A3HAUYDHHE 8. Haxaii f — agnmaBennacip nami>k MEOcTBami X 1 Y. ['dra aana-
BEJIHACI[h Ha3bIBACIIIIA aJ[JII0OCTpaBaHHEM MHOCTBA X Ha MHOCTBA Y, KaJli:

KOXKHaMy dJieMeHTY x € X ajinaBsjiac aJi3iH 1 TOJIbKI aJi31H 3J€MEHT yE Y,
KOKHBI AJIEMEHT Y€ Y a/inaBsjiac HeKaTopamy 3JIeMEeHTy x € X.

3AVBATA 5. AnmoctpaBanHe X Ha MHOCTBa Y 3’siyIisieliiia MpbIBaTHBIM
BBITIaJIKaM aJjTrocTpaBaHHs Xy Y.
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A3HAYDHHE 9. AnnroctpaBanne f mamixk MHOCTBami X i Y Ha3pIBaela y3acMHa
aJlHa3HAYHBIM, KaJll

KO)KHaMy dJIeMeHTY x € X a/ifaBsjiae aJi3iH 1 TOJIbKI aJi31H 3JIeMeHT yE Y,
KOXXHBI 3JIEMEHT Y€ Y aAnaBsgae aaHamy i TOJIbKI aaHaMy dJIEMEHTY x € X.

3AVYBAT'A 6. Y3aeMHa ajgHa3HauyHas ajanaBeHacb maMbK X 1 Y Ha3bIBaela
TakcaMa y3aeMHa aJHa3HAYHbIM aJTFOCTpaBaHHEM MHOCTBA X Ha MHOCTBa Y.

A3HAUYDHHE 10. Kani icHye y3aemMHa agHa3HadHas aJiaBeHACIb ITaM1>XK MHOCT-
Bami X 1 Y, TO raBopallb Takcama, IIITo raMi>k MHOCTBaMi X 1 Y MO»KHa YCTaHaBIIb
y3aeMHa aJHa3HAYHYO0 aJIlaBeIHACIb. Y TITHIM BBINMAAKY TaBOpaIlh TaKcama, IITo
MHOCTBBI X 1 Y 3KBiBaJ€HTHBIA 111, IITO STHBI MAIOI[h aHOJIbKaBYI0 MaryTHacIlb.
[IpeI ra1HIM 3amicBaronb X~Y.

TIPBIKJIA/ 5. X={1, 2, 3}. Y={a, b, c}.
X ~Y, 60 maMi>K T3TBIMI MHOCTBaMi
MO>KHA YCTaHABAllb Y3a€MHA
a/IHa3HAYHYIO a/IMaBEIHACIIb,
HaNPbIKJIA, HACTYITHBIM YbIHAM:

X Y

DKBIBaJICHTHBISI MHOCTBBI BaJI0/1al0I[b HACTYITHBIMI YJIACIIIBACIISIMI:
X~X (padexciyHacIp);
kaii X~Y, 1o Y~X (CiMETpbIYHACIIb);

ki X~Y 1 Y~Z, To X~Z (TpaH31ThIyHACIIh).

1.3. 3;1140HBIA MHOCTBBI

A3HAYDHHE 1. Haxaii N={1, 2, 3, ...} — MHOCTBa HaTypaJIbHBIX Jlikay. MHOCT-
Ba A Ha3bIBaeIllla 3TiY0HBIM, KaJli SHO SKBIBAJICHTHAE MHOCTBY HATypPaJbHBIX
nikay. [TpbI r3ThIM TaBOpallh TaKCaMa, ITO MHOCTBA A Mae MaryTHacup a.

I'sTae a3HausHHE MOXKHA C(bapMy.IIHBaLIB HACTYIIHBIM YbIHAM:
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A3HAUYDHHE 1'. MuocTBa A Ha3bIBaellla 371190HbIM, Kajli MOKHA YCTaHABIIb
y3aeMHa aHa3HAYHYIO aJIIaBeIHACIh TaMi>k MHOCTBaMi A 1 N.

A3HAUYSHHE 1". MHocTBa A Ha3bIBaellla 31190HBIM, Kal Ir0 3JIEMESHTBI MOKHA
IpaHyMapaBallb MPbI JarnaMo3e YCiX HaTypalbHbIX JIKay.

VY cyBs31 3 a/13HAYaHBIM BBILIH 3JI€MEHTHI 31iY0Hara MHOCTBA A TIPBIHSTA 3aIlic-
Ballb 3 aJlIaBEIHBIMI 1M HaTypalbHBIMI JIikaMi (HyMapami), T. 3H. HaCTyITHbIM
YBIHAM:

A={a1, d, da, }

IIPBIKJIAJ]. MHuOCTBEL A={2, 4, 6, ..., 2n, ..}, B={1% 2% 3% .., n% ..}, C={
1 1

1, >3 -+ } 3’AyIsIo1Ia 3TIYOHBIMI.

BrIBy4bIM LisiTiep ynaciiBaciii 37114YOHBIX MHOCTBAY.

TOAPOMA 1. 3 ycakaea 6sckoHya2a MHOCMEA MOICHA BbLIYYbIYDL 3NIUOHAE NAO-
MHOCMEA.

J[OKA3. Haxait X — agBosbHae 0sCKOHIIae MHOCTBa. Bo3bMeM J1t00bI ST0
AJIEMEHT 1 a0a3HaubIM @;. AKpaMs a; Y MHOCTBE X Maellia 0siCKOHIIae MHOCTBA
anemeHTay. Bo3bMeM 005! 3 1X 1 a0a3HAYBIM dp. 3aTHIM BO3BMEM SIIIIYD SIKi-
HeOyA3b AJIEMEHT, aJpO3HbI aJ a1 1 dp, 1 ada3HAYBIM Tpa3 as. [IpalsirBaroubl rITHI
npanpc HeabMekaBaHa, Mbl BBUTYUbIM 3 MHOCTBA X 3J11YOHA€ MaJMHOCTBAa A={a;,

dy, ds, }

TOAPOMA 2. Jloboe bsckonyae nadmMHocmea 31i40Ha2a MHOCMEa 3 ayaseyya 3ii-
YOHBIM.

JNOKA3. Hsaxait A — sikoe-HeOy/13b 371140Hae MHOCTBA, a B — sAro 0sgckoHiiae
nagMHoCTBa. [lakoabki MHOCTBa A 3'sysieniia 3;1190HbIM, TO SIT0 MOKHA 3allicallb
A={ay, 8y, a3, ...}. byazem nepabipallp 1smnep yce 3J1eMeHThl MHOCTBA A y Tapajky
HapacTaHHs 1X HyMmapoy. [Ipsl raThiM Yac aja yacy Mbl OyJ13eM CycTpakailb
AJIEMEHTHI MHOCTBa B 1 KOJKHBI 37IeMEeHT MHOCTBA B MBI cycTpaHeM paHeit 11i
nazHelt (6o BcA). KoxkHamy sneMeHTy MHOCTBa B macTaBiM y ajnaBeaHacib
HyMap CycTpa4bl 3 iM. TakiM 4blHaM, MBI IPAHYMapyeM yce AJIeMEHThI MHOCTBa B.
3 npbIubiHbI OCKOHIIACI B MBI ckapbicTaeM yce HaTypaibHbIs Jiiki. ['9Ta
3HAYbIIb, IITO B — 3;1190Hae (1. a3HaysnHe 1),

BBIHIK. Kauni ca 3myoHara MHOCTBa A BBIKIHYIIb KAHEUHAE MaJMHOCTBA M, TO
MHOCTBa A\M, sikoe 3acTaHela, 0ya3e 3190HbIM.
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TOAPOMA 3. AG’siiHaHHE KaHEeYHAara JIiKy 3J114Y0HBIX MHOCTBAY 3’sAyIIsiena 37i-

YOHBIM MHOCTBAaM.

JI{OKA3. HeaOMsK0yBaroubl aryabHACIll 10Ka3y, pa3riei3iM Tphl 3114OHbIS MHOCT-
BBl A, B, C. Haxait SSAUBUC. Jlakakam, ITO S — 3J1I90HAE MHOCTBA. 3
aneMeHTay MHOCTBaY A, B, C ckiag3em HacCTymHYIO TaOmiIy:

—
Ala a, a, a,

s
Blb b b b - v A

Cle ¢ ¢ ¢

[Ipanymapyem 35ieMeHTHI Aaa3eHai Tabiubl ¥ HarpaMKy cTpaiak. Kai MHOCTBBI
A, B, C 3msm4aronp aryjibHbIsl 3JIEMEHTBI, TO HyMapyeM 1X TOJIbKI Taibl, Kajl sSHBI
CyCTpakarouia yrepIibIHIO, a 3aThIM MpanyckaeM. TakiM YblHaM, Mbl
IpaHyMapyeM yce 3JIEMEHThl MHOCTBA S, 3Haublllb, MHOCTBAa S — 3JIIYOHAE.

TOAPDOMA 4. A6 ’s0nanne kaneunaza MHOCMEA i MHOCMEA 3HOHA2A EClb MHOCMBA

371IY0Hae.

JIOKA3. A — xaHeyHae MHOCTBa, B — 311i40oHae MHOCTBA.

Aalaza3 > >

B|ib b b Db .. > > > >

TOAPOMA 5. A6 's0nanue 31i4oHaca MHOCMEA 3/Ii4OHbIX MHOCMEAY, €CYb

31I4Y0Hae.

JTOKA3.



V7
S S
VY

™

TOAPOMA 6. A6 's0nanHe 31i40Ha2A MHOCMBA KAHEYHbIX MHOCMBAY, KIS napami
He nepacaxkaryya, écysb 31i4oHae MHOCMEA.

J[OKA3.

Ald @ & .od > >
/

A la a a a, > > —>
/

A& &, a ap, > > —>

A |al a a; a, > > —>

TOAPOMA 7. Muocmea Q ycix payvisiHanbHblx KAy 3 '8)y1saeyya 3/1i40HbIM.

JIOKA3. CnavaTky gakaxkam, IITO 3JIIYOHBIM 3’ sysena MHOCTBa Q., I. 3H.
MHOCTBA YCiX JIaJJaTHBIX pallbITHAIBHBIX JiKay. Pa3rien3iM MHOCTBA YCiX npobday

BBITJISIAY g, mze p=1, 2,3, ..., 0=1, 2, 3, .... 'aTae MHOCTBa 3’syse111a

a0’ s THAaHHEM 3J11Y0OHara MHOCTBA HACTYITHBIX 371YOHBIX MHOCTBAY:
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{1 2 3 4 }
17 11 l! 11 1
{l 2 3 4 }
21 21 2! 21 ]
12 3 4 }
31 31 3l 31 1

TamMy na T@apame 5 MHOCTBa YCiX ApoOay pasriie/kaHara BTy P 3’ gyJsiena

3JIYOHBIM, T. 3H. 3M40HBIM 3’ synsenia Q.. Pasriensim msnep maoctBa Q-
(MHOCTBa YCIX aJIMOVHBIX pallbITHAIBHBIX JIiKay). SIHO Takcama 3’aysernia
371Y0HBIM, 00 dKBiBaJeHTHAE MHOCTBY Q.. Kaui msmep ymiubIis, mTo

Q=Q.wQ {0},
1 CKapbICTaIlh T2ApAMBI 3 14, TO aTpbIiMaeM, mTo MHOCTBA Q Oy/3€ 3/1140HBIM.

BBIHIK. MHocTBa JcixX paublsiHaIbHBIX JIKaY, SKid HaJexallb JJI0OOMy aJpa3Ky,
3’ sIyIIsena 37190HbIM.

[Ipayn3iBacup raTara CUBSp/HKIHHS BbIHIKAE 3 TIapamay 71 2.

ITOAPOMA 8. Kani mnocmea A ckiadaeyya 3 2iemenmay a, ., AKISA a0pO3Hi-

e Xp?
saroyya N 3HAYKAMI X1, X3, ... Xn, KOJWCHbL 3 AKIX HE3ANEHCHA A03IH a0 0py202a
npvimae 31i40HaAe MHOCMBA 3HAYIHHAY, MO MHOCcmEa A 3 'aynsaeyya 31i40HbIM.

J[OKA3. SIro axsIigyiaseM MeTaJaM MaTaMaTbldyHal 1HIyKIbI. Trapama Mae
Meclia, mpel N=1, . 3H., KaJl Maella aJi31iH 3Ha40K.

Jlamyciiim, mTo TaapaMa mpayaziBas mpsl N=M, 1 Jokaxam, IITO stHa Tpaya3iBas
npel N=m+1.

A:{ axl, X5, o X Xma1 }.

[TakonbKi 3roJiHa 3 YMOBAll T2ap3Mbl 3HAUYOK Xp+1 MPhIMAE 37140Hae MHOCTBA 3Ha-
YIHHSY, TO TATHIS 3HAYDHHI MOYKHA MepaHyMapaBallb:
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1 2 k
me1r Kmsar o Xipys oo

X

~r —_ k .
Hsxait A={ axl, .. X }, m3e X,,,, — (ixcaBanbl. I'3Tac MHOCTBaA CKJIagaenna

<o Xmo Xmds

3 9JIEMEHTAY, KIS aJIpO3HIBaAIOIIA TOJIBKI M 3HaYKaMi, KOXKHBI 3 SKIX IIphIMae
3JIiY0HAe MHOCTBA 3HAYSHHSY. Tamy, 3rogHa 3 JamylnIr43HHEM, MHOCTBA A —
3JI1Y0HAE.

0
[Takompki A = UAk , TO MHOCTBa A 3’siy1sieriia 3;1190HbIM sIK a0’ siTHaHHE
k=1

3JIlYOHara MHOCTBA 3J11YOHBIX MHOCTBAY.

BBIHIK 1. MHocTBa ycix myHKTaY (X, V) IUIOCKACI, Y SIKIX a0eA3Be KaapIbIHATHI
3 YIISAIONIA PAllbITHAIBHBIMI JIIKaMi, OyA3€ 3J1IYOHBIM.

VY aryiapHBIM BBINAJIKY MHOCTBA YCIX MyHKTAY N-MEpHAii 3yKiIigaBail mpacTopsl 3
panbIsTHAIBHBIMI KaapibiHaTaMi Oy/13€ 3J11YOHBIM.

BBIHIK 2. MuocTBa ycix Maarackiagay Pn(X)=aox +a;x" +...+a, 3
palbITHAIbHBIMI Kad(illbleHTaM1 3’ sIyJIselia 3J1140HbIM.

JIOKA3. MHocTBa ycix MHarackimanay Pp(X) MoxkHa pasriisaallb Sk MHOCTBA DJICMEH-
Tay, sKis apo3HiBaroIia N+1 3HauKami dy, &y, ..., 8, KOXKHBI 3 SIKIX, OyTydbl paribls-
HAJIbHBIM JIiKaM, IpbIMae 371140Hae MHOCTBA 3HausHHAY. [1oBO 1€ TOapaMbl § Takoe
MHOCTBa Oyj3e 3ini4onbiM. Kami a0’ sigHais MHOCTBA YCiX MHArackiaaay 3
paublsTHAIBHBIMI Kad(ilbIeHTaM1 HYJISIBOU CTyNEHI, Nepiuai, APyrou 1 T. 1., Mbl
aTpbIMaeM MHOCTBA yCiX MHArackijajay 3 pamblsHAJIbHbIMI Kad(il[bIeHTaMi, SIKOE
MaBOJIE TIAPIMBI 5 Oy/13€ 371YOHBIM.

A3HAUDHHE 2. Jlik & Ha3piBaela anreOpaiqabIM, Kaiti €H 3’ yIsera KopaHeM
sikora-HeOy/13b MHarackjaay 3 IdJbIMi KadpilbleHTaM1, Y aABapOTHBIM BBIMAIKY
¢H Ha3bIBaellla TPAHCUPHAIHTHBIM.

TOAPOMA 9. MHocTBa ycix anreOpaiuHbIX JiKay 3’ yisiena 371190HbIM.

JOKAS. Ilepm 3a yc€ aazHaubIM, IIITO MHOCTBA YCI1X MHArackjiajiay 3 m3JibiMi Kad-
dinpieHTami Oya3e 3m40HbIM. ['9Ta aTpeIMITIBacIIa 3 BEIHIKY 2 T2apAMbI § 1
TIap3Mbl 2. [TakosibKi KOKHBI MHAracKJIaJ Mae KaHeuHae MHOCTBA KapaH&y, TaMmy
MHOCTBA YCiX ajre0paiuHbIX Jikay 3’syisenia ad’ sqHaHHeM 3/1iY0Hara MHOCTBA
KaHEeYHBIX MHOCTBaY. Kami ckapsicTais Taapamy 6 1 yiidsilb Toi (akT, mrTo yce
anreOpaluHbIs JIiKl YTBaparolb OSICKOHIIA€ MHOCTBA, TO MaBOJIE TIAPIMbI 2 MBI
aTpbIMaeM, IITO STHO Oy/a3€ 3JIIYOHBIM.



16

TOAPODMA 10. A0’ ssqHanHe OsicKOHIIara MHOCTBa M 1 KaHeuHara a0o0 3J1190HBIM
MHOCTBa A OyJ3€ 9KBIBaJICHTHBIM JIaJI3¢HAMY MHOCTBY M, T. 3H. MUA~M.

J[OKA3. Bynzewm niusbliib, TO MHOCTBBI A 1 M He mepacskaroiia, mro He 0y/13e
aOMsDKOYBallb aryJbHAcCIl TOKa3y.

Ha mancraBe T@apambl 1 BeUTYyYBIM 3 OsicKOHIIara MHOCTBa M sikoe-HeOy13b 371140-
Hae maamMHocTtBa D. MHOCTBa, sikoe 3acTanocs, abaznadysiM mpas P. Tagsr Oymzem

mueib M=PUD. Ancroip BeIHIKAE, IITO

MUA=PU(DUA).

[Makonbki P~P, D~(DWA) i maOCTBa P 1 DUA He nepacskarona, To
PUD~PU(DUA),

I. 3H. M~MUA,

r. 3H. MUA~M.

TOAPOMA 11. Kani 6sckonyae mrocmea S 3 ’synseyya He3nivoHvim , a A — 520
KaneuHae abo snivonae naommocmsa, mo S\A~S.

JIOKA3. 3ayBaxkpIM, mT0 MHOCTBA M=S\A He MOXka ObIIlb KaHEUHBIM, 00 ¥ a/Ba-
POTHBIM BBINIAJKY MHOCTBA S ObIIIO O KaHEUHBIM a00 311Y0HBIM SIK a0’ sTHaHHE
MHocTBa S\A i kaHeunara a0o 3i4yoHara MHOCTBa A.

ITakonpki MHOCTBAa M — OsickoHIIae, a A — KaHedHae abo 31190Hae, TO 3 Marls-
PAIHSI T2apIMBbI OyA3€M MEllb:

MUA~M,

r. 3. (S\A)UA~S\A.

Agcrons BeIHiKae, mTo S~S\A, r. 31. S\A~S.
1.4. MHOCTBa MaryTHacusy KaHTbIHYyyMa

VY nanspaaaim naparpade Mbl BBIBY4alli 3190HbISI MHOCTBBL. MHOCTBA, SIKOE HE
3’y sienia 37190HbIM, Ha3bIBaelllla HEe3JIIYOHBIM. Y 3HIKae MBITAHHE: 111 ICHYIOITh
OSACKOHYbISL He3NIUOHBISL MHOCHEHL?

TOAPOMA 1. Muocmea ycix pauaicHblx 1iKAy X, AKis 3a0A8AIbHAIOYb HAPOYHACYL
0=x<l, 3 saypnseyya nesnivonwvim, 2. 3u. aopazak [0, 1] 6yoze neznivonvim
MHOCMBAM.
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J[OKA3. Msapkyem anBapoTHae, mTo aapa3ak U=[0, 1] e 3mivonae mHOCTBA. Ta-
JIbI TATa a3Havae (a3HaudHHE 1’ maparpada 1.3.), mto yce sSro myHKThl MOXKHA Mpa-
HyMapaBallb IIPbI JIallaM03¢ HaTyPaJbHBIX JIiKay: N={x1, X2, X3, ... }.

[Tanzenim agpazak U=[0, 1] Ha TpBI pOYHBISA aapaI3Ki [O, l}, {1, E}, [g, 1} :

3 3 3 3
3ayBakbIM, IIITO ITyHKT X; HE MOXKa /THAYACOBA HAJIEXKBII[b YCIM TPOM ap33KaM.
BoszbmeM Toii anpazak, ki He 3MsIIIYae MyHKTa X, 1 abazHaubIM sro mpas Us. [lamzernim
azpa3aK Uy Ha TPl POYHBIS aapa3Ki 1 BO3bMEM TOH, SIKI HE 3MSIITYae MyHKTA X;. [ 3ThI
azipa3aK aba3HaubIM mpas Up.

Kaui npamsireaiib raTel Opariec, TO aTpbIMaeM CISHKHYIO MACIsI0YHACIHb aipa3Kay

U1, u2’ u3’ ey un; ey (1)
SIKist BAJIOAAIOIb TOM YJIacIiBacIlio, ITO X,&U, (n=1, 2, 3, ...).

BsimoMa, mTo icHye Taki NyHKT &, SIKi HAJICKBIIb YCIM aJp33KaM CIKHAHN maciis-
noynaciii (1):

feu, (n=1,2,3, ...). )

[Taxonbki £€[0, 1], a MBI MepKaBaTi, IITO YCe MYHKTHI TATara ajpi3Ka nmpanymapa-
BaHBIs, TO MyHKT & OyJ13¢ POYHBIM Xy, IPBI HEKATOPHIM N: & = X, IPBI HEKATOPHIM N.

AJte Tajbl 3rojiHa 3 TadyIaBaHHsAMI & He HATIGKBIITh Uy TIPBI TATBIM N: & Uy TIPBI T3THIM N.

AJHAK T3Ta CYIIAPAYBIIb (2), T. 3H. TaMy MTO & HAJICKBIIH YCIM aJpa33KaM Macs-
noyHaci (1). ATpeiMaHasi CyIsIp3uHacIb 1 JaKa3Bae TIapIMy.

A3HAYDHHE 1. Kani mHOcTBa A 3KkBiBaJieHTHae aapa33ky [0, 1], To raBopaiib,
IITO MHOCTBAa A Mae MaryTHacllb KaHThIHyyMa a00 MaryTHaclib C.

TDAPOMA 2. Koxcnol 3 npamedickay [a, b, (a, b), (a, b], [a, b) mae macymnacyy c.
JIOKA3. Mspkyem A=[a, b], u=[0, 1].

dopmyna y=a+(b—a)x ycranayniBae y3aeMHa aHa3HAYHYIO aITaBEIHACITH TTaMiX
mHOCTBami A iU (A={y}, u={x}).

Tamy A~U, 3Haublllb, MHOCTBA A Mae MaryTHaciip C.

Jakaxxam, mTo npamexak (a, b) mae maryraaci C.
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3 angpaska [, b] BeIkiHEM J1Ba MyHKTHI A 1 b. ATpsiMaeM iHTIpBai (4, b). 3rogHa
3 TeapaMaii 11 mamspaaasra naparpada maem, mro (a, b)~[a, b]. [lakonbki [a,
b]~[0, 1], To (a, b)~[0, 1], r. 3H. iHTEepBai (4, b) Mae MaryTHacIb c.

AHanariqyHpIM YbIHAM JIJaKa3BaOII[a aCTaTHIS CI[BSAPHKIHHI.
TOAPOMA 3. Muocmsa R ycix pauaicuvix nikay mae ma2ymHacys c.

J[OKA3. JlactaTkoBa naka3allb, IITO MHOCTBA R Oy/13€ SKBIBAJICHTHBIM SIKOMY-
HeOy/13b KaHeYHAMy 1HTIpBAITY.

3ayBaxkbIM, ITO (hopmyria y=tgX ycTaHayiaiBae y3aeMHa aJHa3HAYHYIO aJaBe/l-

HacIlb MaMDK 1IHTepBaJIaMi (—g, g) 1 MHOCTBaM R. Tamy (—g, gj~R. Takim

T T (T T :
ypiHaMm, R~| ——, — |, ane makoaeki | ——, — |~[0, 1], To R~[0, 1]. I'7Ta 1
2 2 2 2
CBEIYbILb a0 ThIM, IITO MHOCTBA R yCIX p34yaiCHBIX JIIKay Mae MaryTHaclpb C.
TOAPOMA 4. Mrocmea J ycix ipaybisiHanibHbix 1iKAy Mae MazymHacyb C.

JIOKA3. Hsxaii R — mMHOCTBa ycix pauaicHbIX Jiikay, Q — MHOCTBa yCiX parbis-
HaJbHBIX JiKay. [lakombki MHOCTBa R 3’syserniia OsSCKOHIIBIM HE311Y0HBIM
MHOCTBaM, a Q — 4ro 37i4y0oHae MaJMHOCTBA, TO 3roJHa 3 TYapaMait 11 § 1.3,
oymzem merb, mTo R\Q~R, r. 31. J~R. Axcrons, yiniuBarous! Toe, mro R~[0, 1],
atpeivitiBaeM J~[0, 1]. I'aTa 1 cBeaubIlb a0 THIM, IITO MHOCTBA J yCIX
1palbITHAJIBHBIX JIIKaY Mae MaryTHaclb C.

TOAPOMA 5. Muocmea T ycix mpancysHOIHMHbIX JIKAY Mae MA2ymHacybs ¢, 2. 3H.
2amae MHOCMBA He 3 Ayaaeyya nycmoim, 2. 3H. MPAHCYIHOIHMHbLA JIKI ICHYIOYb.

JIOKA3. Hsaxaii R — mMHOCTBa yCiX p3yaiCHBIX JiKay, A — MHOCTBA aireopaiuHbIX
nikay, T — MHOCTBa TPAHCUPHIIHTHBIX JIIKAY.

Bbyazem pa3zBaxkallb Tak, siK 1 Ipbl JJoKaze TaapaMbl 4. Maem:
R\A~R,

r. 31. T~R, makoaski R~[0, 1], To T~[0, 1].

CdapmymroeM 6€3 10Ka3y AU A3BE TIAPIMBI.

TOAPOMA 6. A6 's0nanne kaneunaea yi 31i40Ha2a MHOCMBA MHOCMBA) MA2ym-
Hacysy ¢ mae mMazymHacys .
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IT9APOMA 7. Kani mnocmea A ckiadaeyya 3 2nemenmay @, , . -, SAKisg a0pO3Hi-

Xn

saroyya N 3HAYKAMI X1, X3, ... Xn, KOJWCHbL 3 AKIX HE3ANEHCHA AO3IH a0 Opy2o2a

npvimMae MHOCMEA 3HAYIHHAY Ma2ymHacyi ¢, mo dadsenae mHocmea A={ &, . x
’ v e A

} mae mazymuacyw c.

BBIHIK. MHocTBa ycix myHKTay 3YVKJIi1aBaii N-MepHai mpacTopbl Mae MaryTHacIIh C.

1.5. [1ansiie MaryTHaciii MHOCTBA.
[TapaynanHe maryTHacusy

VY nansipaaHix naparpadax Mbl BbI3HAUbLI1 COHC HACTYITHBIX BbIpa3ay: «JIBa MHOCT-
BbI MAIOI[h aTHOJIbKaBYIO MaryTHACIb»; «MHOCTBA Ma€ MaryTHacIlb a»; «KMHOCTBA
Mae MaryTHaclb C». AJJTHaK caMo MaHsALIE MaryTHaclll MHOCTBA HE OBLIO
BbI3HAuYaHa. Y NaJ3eHHBIM Maparpade 3pooim rara.

[Ipaananizyem, ik BhI3Hauaycs BbIpas, IITO MHOCTBA Mae MaryTHacIb a. MbI pasr-
Js7a711 pa3HaCTaHBIA MHOCTBBI, SIKiSl SKBIBAJICHTHBISI MHOCTBY HaTypaJIbHBIX
JiKay, a, 3Ha4bIIlb, SKBIBAJICHTHBIS MaMik caboii. J[laMoBimics ka3allp, ITO KOXKHAE
TaKoe MHOCTBA Mae MaryTHacIb d.

bynzem pabine TakiM ubtHaM. Hsxaii nagzena maoctsa A. [lopyd 3 MHOCTBamM A
Oya3eM pasrisaaib CyKyImHacIlb MHOCTBAY, YKBIBaJICHTHBIX MHOCTBY A. Yce
IIThISI MHOCTBBI OYTyIlb SKBIBAJICHTHBIMI NTaMixk caboi. Takyro CyKymHacIlb
MHOCTBaY OyA3eM Ha3bIBallb KJacaM 3KBIBAJICHTHBIX MaMik caboii MHOCTBAY.

A3HAYSHHE 1. Koxxnamy ki1acy 9KBIBJICHTHBIX MMaMik cab0oil MHOCTBAY macrta-
BIM y a/illaBeJHACI[b HEKATOPBI CIMBaJI, SIK1 Oy/13€M Ha3bIBallb KapAbIHATbHBIM
JikaMm ab0 MaryTHacIio Jr0ora MHOCTBA 3 pa3riisijiaeMara Kiaca.

[TpsI r3THIM, KaJli MaryTHacIlb MHOCTBA A €ciib a, To Oy13em micaips A =a.

3AYBAT A. Kani gBa MHOCTBBI 3’ SIYJISIFOIIIA 9KBIBAJICHTHBIMI, TO 3TOJIHA 3 a3HA-
YdHHEM | SHBI MaIOIlh aTHOJIPKABYIO MaryTHACITb.

Pasrien3im kimac MHOCTBAY, sIKif SKBIBaJIEHTHBISI MHOCTBY HaTypaibHbIX Jikay N.
['sTamy Kilacy mactaBiM y aJraBeqHacIb CiMBal a. Tajbl 3roJIHA 3 a3HAYIHHEM |
KO’KHa€ MHOCTBa, SKBiBajieHTHae MHOCTBY N, Mae maryTHacupb a. Takim ubIHaM,
asHaudHHE | y3rajaHsera ca chapMyisiBaHbIM paHel a3HausHHEM BbIpa3y «MHOCTBa
Mae MaryTHaclb a».
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Pasrnen3im kimac MHOCTBAY, SIKisl 9KBIBAJICHTHBIS aapa33Ky [0, 1]. ['aTamy kiacy ma-
CTaBIM y aJlTaBeHACIH CiMBaJ ¢. Tajbl 3roHa 3 a3HaUdHHEM | KO’KHae MHOCTBA,
sKkBiBasieHTHae aapa3ky [0, 1], mae maryTtHacip ¢. TakiM dbiHaM, a3HaUdHHE |
y3rajiHsienia ca cpapmyasiBaHbIM paHel azHaudPHHEM BbIpasy «MHOCTBa Mae
MaryTHaclb C».

Pasrnea3im Kirac MHOCTBAY, 9KBIBAJICHTHBIX MHOCTBY {1, 2, 3, ..., N}, I. 3H. DKBiBa-
JICHTHBIX aJIp33Ky HaTypajibHara mmpary. [ 3taMmy KJ1acy macTaBiM y aJilaBeTHaCIlb
ciMBaJI N. 3roJHa a3HauY’HHIO | MaryTHacIb Ka)kHara 3 MHOCTBAy pasrjisjiaeMmara
KJIaca poyHas N. 3aMecT IITax CJoY YKbIBAIOIh TaKcaMa HaCTYITHBIA: «JIik
AJIEMEHTAY KOXKHAra 3 MHOCTBAY pasrisgaemara Kiaca poyHbI Ny.

TakiM ubIHaM, TAHSALIIC JIIKY 3JIEMEHTAY KaHeUHara MHOCTBA 3’ syJIselila npeiBaT-
HBIM BBITIaJIKaM OOJIBIII aryJibHara maHsIis MaryTHacIii MHOCTBA.

[Isapoiiazem usnep 1a nplTaHHs apayHaHHE MaryTHACLAY.

Kaum nBa MHOCTBHI A 1 B 3’syst01111a SKBIBaJICHTHBIMI, TO 3TOJ[HA 3 a3HAYPHHEM 1|
STHBI MAFOIIb aJIHOJILKABYIO MaryTHacIlb. [ 3ThI (hakT CiMBasIiuHa 3aIliCBaIOIb TaK:

A=B.

A3HAYDHHE 2. Kani mHOCTBa A 3’siyJisielila SKBIBAJIEGHTHBIM HEKATOPaidl YaCTIbI
MHOCTBa B, ane ¥ MHOCTBe A HsIMa 4acCTKI1 SKBIBaJIECHTHAall MHOCTBY B, To
raBopalib, IITO MaryTHacllb MHOCTBa A MEHIIasi MaryTHacii MHOCTBa B 1
3aI1iCBAOLb

j<§ abo E>j

IIPBIKJIA/] 1. Haxait A={a, b, c}, B={m, n, p, q}. Maem, mro A =3, B=4. Pasr-
nen3im MHOCTBa B*={m, n, p}, sikoe 3’ aymnsernia yactkait MuHoctBa B. [Takombki
A~B*, ane ¥ A Hsima 9acTki, SKBiBaJIeHTHal B, To MaryTHacii MHOCTBa A MEHITIast

MmaryTtHacii B, r. 31. A < B, 1. 3H. 3<4.
AmnanariuHa makasBaelna, mro N<a, N<C, r. 3H. MaryTHACIIb JIIo00ra KaHeyHara

MHOCTBA MEHIIIasi MaryTHAcCI1 3JIiY0Hara MHOCTBA, a TakcaMa MaryTHacli
KaHTBIHYyMa.

[IPBIKJIAJ 2. Hsxaii N={1, 2, 3, ..}, u=[0, 1]. Maem, mto N =a, U =c. Jlaka-

JKaMm, ITO a<c.
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) 1 1 . .
Pasrien3im MmHOCTBa U*= {1, E, 5, ... 0, AKOE 3’ AyJsiellla yacTKkaii MHOCTBA U.

BingaBouna, mro N~uU*. Jlakaxkam, mto ¥ N ajicyTHidae yacTka, SKBiBaJIeHTHas U.

Bosbmem agBonbhyo yactky N* muoctBa N. Kani N* — kaneunae MHOCTBa, TO
3pa3ymena, IITO SHO He 0y/13¢ SKBIBAJICHTHBIM MHOCTBY U, 00 U — OsiCKOHIIae
MHocTBa. Kai x N* — GsickoHIIae MHOCTBa, TO SIHO Oy13e 371140HbIM (Ti1. § 1.3,
T.2). Takoe MHOCTBa He Oy/3€ SKBIBaJICHTHBIM MHOCTBY U. TakiM 4bIHaM, MbI
nakaszani, mto MHOCcTBa N Oya3e 9KBiBaJICHTHBIM HEKaTOpal 4acTIhl MHOCTBA U,
ane ¥ mHocTBe N ajficyTHIYae yacTka, SKBIBaJICHTHas MHOCTBY U. TaMy Ha
1aJICTaBE a3HAYDHHS 2 MaeM:

N <u, r. 3H. a<c.
V3Hikae neitanHe: «Lli icHye MaryTHaclp (4, MpaMeKKaBasi aMix a 1 ¢, T. 3H. a<u<c?».

['aTae neiTaHHE, IKOE Ha3bIBaellla NpadieMail KaHTBIHYYMY, TOYT1 Yac He ObLIO
Pa3BsI3aHbBIM.

VYV 1938 1. aycrperiicki MaTaMaThIK 113716 Maka3ay, mTo, Ka 3bIX0/311b 3 HEKaTO-
pait akcisIMaThIKi, TO MEPKaBaHHE a0 aJMOYHBIM PaIlIdIHHI I'ITail MpadiieMbl HE
CYTISIPIYBIIIb J1aJI3€HAN aKC1SIMAaTHIITHI.

VYV 1964—1969 rr. amepoikancki MaTaMaThik KodH mmakasay, mro j1ajgaTHae
palIdHHE TaKkcaMa He CYISPIYBILb TITal aKCISIMATHIIBI.

[HTapac BBIKIIIKae HACTYITHAS TIApIMA.

T3APIMA 1. Haxaii A i B— nroovie 06a muocmevt. Mazymuacuyi 2amuvix
MHOCIMEAY 3a0a6a1bHAIOUb AOHOU 3 HACMYNHBIX CYAOHOCIH:

N[
A
o

> ||
Vv
|

A=B.

JIOKA3. [1ns moObIx 1ByX MHOCTBaY A 1 B nariyHa MarybiMbl HACTYTTHBIS
BBITTAIKI:

1) mHOCTBa A Oy/I3€ 2KBiBaJICHTHBIM HEKaTOpal 4acTI(bl MHOCTBA B, ane ¥ A Hima
YacTKIl, DKBIBaJIEHTHaH B;

2) MHOCTBa B Oy/3e 9KBiBaJCHTHBIM HEKaTOpai 4acTiibl MHOCTBA A, aite ¥ B HsaMa
YaCTKI, DKBIBAJICHTHAU A;
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3) MHOCTBa A Oy3¢ SKBIBAJICHTHBIM HEKATOpaid 4acTiikl MHOCTBA B, i B Oym3e ok-
BIBAJICHTHBIM HEKAaTOpai Jacibl A;

4) y MHOCTBE A HsIMa YacCTKi, SKBiBaJeHTHall MHOCTBY B, 1 ¥ B Hsima 4acTki, KBi-
BAJICHTHAN A.

MoskHa raka3anp mTo ¥ BRIMAAKY 3) MHOCTBHI A 1 B 5KBiBaneHTHBIA, T. 3H.
A~B, a BrITIajiak 4) HeMarybIMbl.

TakiM ubIHaM, I TIOOBIX MHOCTBAY A 1 B Marusima Beimazxki 1), 2), 3), npbrasim
TATHIS BBITIAIKI 3’ SIYIISIOIIA HECYMSIIITYaIbHBIMI. TaMy, CKaphICTay bl a3HAYIHHE
21 1, atpbeiMaeM, IITO MHOCTBBI 33JaBaTBHSIONG aIHON 3 HACTYITHBIX CyaTHOCIH:

> |
A
o

> ||
Vv
|

A=B.

Hexkanbki BBIIINM MBI lakazali, TO a<c. Y3HIKae MbITAHHE: 11l MOXHA MaldyaaBallb
MHOCTBA MaryTHAacIli, sikasi OoJbIas c?

IIPBIKJIA/] 3. Haxaiit M={a, b, c}, T={0, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},
{a, b, c}}.

Maewm: 7:3, '?:23, M <'?.
TAPIMA 2. Haxanu M — akoe-nedyo3v He nycmoe muocmea, T — mnocmea
ycix a20 naomnocmeay. Taowt M<T.

JIOKA3. 3rogna 3 Tapsmaii 1 MHOCTBEI M 1 T 3agaBanbHsIONb aIHOM 3
HACTYITHBIX aJIHOCIH:

<]
A
=

<|
\%
~

)

M=T.

3ayBakbiM, mTo ¥ T Eciib yacTka, skBiBajeHTHass M. Takoit yacTkaii 3’ styssera
MHOCTBA, IKO€ CKJIaJ3€Ha 3 aHA3JIEMEHTHBIX TaJAMHOCTBAY MHOCTBA M. Tamy He

MO>ka ObIlb, o M > T .
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Zacraimics n3Be marubimaciii: M =T, M < T . Jlakaxxam, IIITO mepImnasi He MOXa
ObIlb. Tanpl 3acTaHela 2 MardbIMaciii, 1 ToapaMa Oyj3e gakazanai. TakiM

YBIHAM, 3aCTaJIOCs JaKa3allb, ITO He Moka ObIlb, mTo M =T , 1. 30. M~T.

Mspkyem aaBapotHae. Hsaxait M~T, r. 3H. icHye nmamixx MmHOcTBami M 1 T y3aeMHa
aJlHa3HAYHAs a/IIaBEHACIIb, I. 3H. ICHYe TaKas aJanaBeaHacib f, pbl skoi
KOXKHAMYy 3JIEMEHTY a € M anmnaBsiiae aa3if 1 TONbKI an3iH dJaeMeHT A €T, 1 KOJKHBI
aneMmeHT A €T agnaBsanae agHamy 1 TOJIbKI aHaMy 3JieMeHTy a € M. Haranaewm,
ITO 31eMeHThl A MHOCTBa T 3’sysrona naiMHOCTBamMi MHOCTBa M.

3paliyuibl TaKoe JAMYIIYIHHE, MBI JIETKA MPBIMA3EM 1a CYISIPIYHACLII.
A0a3zHaubIM nIpa3 X MHOCTBA 3JIEMEHTAY 3 MHOCTBAa M, siKisl HE YBaXOA351b Y ThIs
MHOCTBBI, SIKisI iM aJIaBsIaIolb Mpbl aanaBeaHacti f. bosbin maapads3Ha: Kt npsl
annaBenHacti f a7eMeHTy a anapsiiac maMHOCTBA A 1 a €A, TO a MBI HE YKITIOYAeM Y
X: agX. Kani npel aanasennactii f anemenTy a angnassgae A i ag A, TO a Mbl
Vximouaem y X. 3pazymena, mto X — MaJMHOCTBA MHOCTBA M, I. 3H. 3’ gyIsienia
3JIeMEeHTaM MHOcTBa M.

[Tper anmaBeanacti f anement XeT annaBsgae HekaTopamy JIEMEHTY x € X.
Jlariuna marusiMbl ABa Beinaaki: 1) xeX; 2) x¢ X. Ilakaxam, ITO ¥ KOKHBIM 3
I'3THIX BBINMAJIKAY MbI MPBIXO31IM JIa CYMsIP3YHACLI.

Hsxaii xe X. ITakonbki anementy xeM annassinae XeT, To x¢ X (3rogHa 3 KaHCT-
pYKUbIstii MHOCTBA X). ATpbhIMaJIl CyISIPIYHACHb.

Hsxait x¢ X. ITakosbki niper agnaBeanacii f anementy x agnassgae XeT, to xeX
(3rojiHa 3 KaHCTPYKLbISAA MHOCTBA X). ATpbIMaJi CyNsip3YHaCIb.

TakiM 9blHaM, TPapIMY JaKa3ail HaJTKaM.

BBIHIK. He icuye naitOosbiail MmaryTHacui. Y3Hikae neitanse: «Lli icHye Os1cKoH-
11a¢ MHOCTBA HaliMEHBITIail MaryTHacIli?».

TIAPIMA 3. Mazymuacup 31iu0Ha2a MHOCMEA 3’AYAeUUa HAUMEHUA 3 Ma-
2YMHACYAY YCIX OACKOHUBIX MHOCH QY.

J[OKA3. Hsaxaii A — 31i4oHae MHOCTBA, @ — SIT0 MaryTHacIlb, B — anaBosbHae
OsICKOHITae MHOCTBa, D — sro MaryTHacIis.

3ronaHa 3 TapaMait 1 maryTHacii MHOCTBaY A 1 B 3amaBanbHsOLb aqHOM 3 Hac-
TYMHBIX TPOX CYaJAHOCIH:
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a<b, a=b, a<b.

Bsimoma (§ 1.3, 1. 1), mro 3 mro6ora GsICKOHIIara MHOCTBA MOYKHA BBUTYYBIITh 3J11YOHAE
MaIMHOCTBA. 3HAUBIIh, Y B Eciib yacTka, sikast Oy/13¢ SKBiBaJICHTHA MHOCTBY A, Tamy
3roJ(Ha 3 a3HaYSHHEM 2 HE MOKa ObILb, wimo a>b. TakiMm usiHaM, a<b. '9TeIM MBI
JaKazaii TIapaMy.

2. DJyieMeHThl PYHKIBISIHAJIBLHATA AHAJTI3Y
2.1. MeTpbluHas nmpacropa

A3HAYIHHE 1. Haxaii X — HekaTopae MHOCTBA, p — aJJIFOCTPaBaHHE MHOCTBA
XxX y MHOCTBa p34aiCHBIX JIIKay R, sikoe 3a7aBajbHs€ HACTYITHBIM YMOBaM:

p(x, )20, mperasM p(x, ¥)=0 < x=y;
plx, y)=p(y, x);

px, 2)<p(x, y)+p(, 2).

MmuocTtBa X 3 QyHKIIBISIH p, T. 3H. Tapa (X, p) Ha3bIBaCIIla METPHIYHAN MTPACTOPAH.
DneMeHTbl MHOCTBa X HA3bIBAIOLILIA MYHKTaM1 METpbIYHAN npacTopbl. DyHKIIbIA p
Ha3bIBACIILA A]JIETTIACII0 a00 METPBIKAM.

MeTtpsluHas mpacTopa aba3Havaerlia Takcama ajHou JiTapai, Hanpeikiam, M:
M=(X, p). [laguac meTpbIuHYyIO MpacTopy abazHauawoIb JiTapai X, I. 3H. TOI
JiTapai, ITo 1 caMo MHOCTBA X.

MertpbruHas mpactopa OyzA3e 3afaa3eHaid, Kajl Mbl 33a131M MHOCTBA X 1 QYHKIBIIO p 3
ynaciiBacipgimi 1, 2, 3.

Hsxait nanzena muoctBa X. Kani sikiM-HeOyA3b criocabam MbI 3a71a131M (DYHKITBIFO
p 3 ynacuiBacisimi 1, 2, 3, To 6y13eM Kazailb, ITO ¥ MHOCTBE X 3a7a3¢Ha
MeTpbIKa, a00, IITO STHO METPhI3aBaHa.

3AYBAT'A. Kani MHOCTBA 3 aJiJIerIaciiio p 3’ syselia MeTpbluyHa rmpacropau, To
1 MHOCTBa X;CX 3 aJUIeTJIACIfIO p TaKkcama 3’ syJIseria MEeTPhIYHAN MPacTOpai.
SIHO Ha3bpIBacIa ManpacTopai Aa3eHai MeTpblYHail mpacropaii (X, p).

'ZPb]KJYA,Z] 1. MHoOCTBa pa3HacTaiHBIX yrnapaJKaBaHbIX CYKYITHACITY 3 M pavaic-
bIX JiKay x=(&, &, ..., &n) 3 aUIeriacito, sskas BeI3HavYaela Gopmysai
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2
X, y)= Z(ik—m) ,
k=1
ﬂy.ﬂﬂeuua MeTpBIlIHaI/I HpaCTOpaH Sle Ha3bIBaArOIbL M- MepHaI/I 3YKH1,HaBaH

pacropaii i abaznauarons E".
PHIKJIA/] 2. MHOCTBa pa3HACTalHBIX yIapaJkaBaHbIX CYKYITHACIITY 3 M pavaic-
bIX JiKay x=(&, &, ..., &n) 3 aUIeriaciro, skas BeI3HavYaeIa Gopmysiaii

(X, y)= Zlgk ump

ﬁynﬂeuua MeTpBI‘-IHaI/I npaCTopaH

3 npeikiagay 1 1 2 Mbl 6aublM, IITO a/IHO 1 TOE K MHOCTBA MOXKHA METpPbI3aBallb
na-po3Hamy. [Ipbl IITBIM aTpBIMITIBAEM PO3HBIS METPBIYHBIS IPACTOPBI.

'PHIKJIA/] 3. MHOCTBa pa3HacTalHBIX aOMeKaBaHBIX JIIKABBIX MMACIIAI0YHACIISTY
=X1, X2, vy Xp, ... 3 QIJIETIIACIIIO, SIKAS BbI3HAUACIIA (popmynan

X, y)= Suplx Yol

3’ ayJsena MeTpbluHail IpacTopaid.

'PBIKJIA/] 4. MHOCTBa pa3HacTalHBIX HEMapbIyHBIX Ha anpa3Ky [0, 1] pyHKIbIi
aJU1eTJIacIio

(X, y)=max|x(t) -y(t)],

3’sIyIsiertiia MeTpeIdHal mpactopaid. ['3tas MeTpbIuHast mpacTopa adbazHavaela Tak:
C[O, ]_].

2.2. AAKPBITHIA i 3aMKHYTHIS MHOCTBBI
MeTPbIYHAN PaCcTOPbI

Hsxait 3aman3ena MeTpeiuHas npactopa X, T. 3H. mapa (X, p), 13e p — GyHKIBISA 3
ynacmiBacipgimi 1, 2, 3.

A3HAUYDHHE 1. MHocTBa yCiX MyHKTay X METpbIYHAN IpacTopbl X, A AKX
BBIKOHBAEIIIA HAPOYHACIb p(X, Xo)<& Ha3bIBACIINA aIKPHITHIM [IapaM 3 I[PHTPAM y

MYHKIIE Xo 1 pajiplycaM &. ['3Tae MHOCTBA Ha3bIBAIOI[h TAKCaMa &-HABAKOJIJIEM
MYHKTA Xo.
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A3HAUYDHHE 2. HaBakoJieM MyHKTa Xo Ha3bIBaelllla JJI0O0bI aIKPBITHI I1ap, K1
3MSALIYAE X.

A3HAUYIHHE 3. ITyHKT X Ha3bIBaellIa YHYTpaHHBIM ITyHKTaM MHOCTBa ECX, kami
ICHye TaKO€ HaBaKOJUIE I3Tara MyHKTa, SIKoe Iajikam 3msiryaerria ¥ E.

A3HAYIHHE 4. MuoctBa ECX Ha3biBaeliia akpbIThIM, KaJli KOKHBI ITYHKT
MHOcCTBa E 3’syndena yHyTpaHbIM IyHKTaM I'3Tara MHOCTBA.

'PHIKJIA/] 1. Ha nixaBaii mpamo¥t iHTApBaX (a, b) 3’ synseniia agKpeIThiM
HOCTBaM.

A3HAYDHHE 5. ITyHKT xo€ X Ha3bIBaelllla JIMITaBbIM IMyHKTaM MHOCTBa ECX,
KaJIl T000€ HaBaKOJUIE I3Tara MyHKTa 3MsII4Yae aJ31H MyHKT MHOCTBA E, aipo3HbI
aa Xo.

3AYBATA 1. JlimiTaBbl yHKT MHOCTBa E MOa HaIeXKbIllb, TaK 1 HE HAJICKBIIb

: } JliMiTaBBIM ITyHKTaM KOJKHAra 3 raThIX MHOCTBAY 3 syJIseria

MHOCTBY E.

N |-
Wl

PBIKJIA/] 2. Ha nikaBaii mpamMoii pasriea3iM MHOCTBBI {1,

Wl

kT 0. HepmaMy MHOCTBY I'OTBI ITYHKT HC HAJICKbBIIb, 4 APYIrOMY HAJICKbBIIb.

A3BHAYIHHE 6. ITynkr xo€E Ha3bIBaella i3ansaBaHbIM TyHKTaM MHOCTBa ECX,
KaJll ¥ raTara MyHKTa ICHye HaBaKoJUIe, SIKOe He 3MSIIYAE HISKIX 1HIIBIX TyHKTay
MHOCTBa E, akpams camaro myHkKTa Xo.

'PHIKJIA/] 3. Ha nikaBaii npamoii pasraeasim maoctsa {0, —, %, 1}. Koxabl

wlk

YHKT raTara MHOCTBa 3’ sIyJIsiellla 13aasiBaHHbIM.

3AVBATA 2. KoXHbI nyHKT MHOCcTBa ECX 3’synstenia i JiMiTaBbIM, 111
13aJIIBaHbBIM.

A3BHAYIHHE 7. MuoctBa ECX Ha3biBaeliia 3aMKHYTBIM, KaJli sSTHO 3MsIIII4ae yce
CBae JIIMITaBbIs TYHKTHI.

|

: : 1 .
'PHIKJIA/] 4. Ha nikaBaii mpamoi pasrien3iM MHOCTBBI {0, 1, > 3 ..}1[a,b].

w

O’KHae 3 IIThIX MHOCTBAY 3’ syJIgellla 3aMKHYThIM.
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3AYBAT'A 3. IcHyr011b MHOCTBBI, SIKisl 3’ SIYJISIIOLIIA a/IHAYacoBa 1 3aMKHYTBIMI, 1
aIKpBITBIMI, aJie €CIIb 1 TaKisi MHOCTBBI, SIKisl HE 3 AYIISIOIIA 3aMKHYTHIMI 1 HE
3’ Y IAIOIIA aKPBITHIMI.

PHIKJIA/] 5. Hsaxaii X — nikaBast npamasi 1 E — mikaBast mpamasi. MuocTBa E
'y nsenua K aaKpbIThIM, TaK 1 3aMKHYTBIM.

: . . : 1 1
PHIKJIA/] 6. Ha nikaBait mpamMoit pa3riea3iM MHOCTBa {1, > 3 ...}. IoTae

HOCTBA HE 3’syJIdella aIKPbIThIM 1 HE 3’ yJsella 3aMKHYThIM.
BbIByYbIM LisilEp HEKATOPBIS YIacliBacll aJKPBIThIX 1 3aMKHYTBIX MHOCTBAY .

TIAPIMA 1. A6’a0nanne 110001 CyKynHacui AOKPbIMbIX MHOCHEAY i nepacauIHHe
KaHeuHail CYKynHacyi a0OKpolmovixX MHOCIEAY 3 AYAAI0UUA AOKPLIMbIMI MHOCH8AML.

JHOKA3.

1. Haxait nag3ena ab’siHaHHe 10001 CYKYITHACII aIKPBITBIX MHOCTBAY 1 Xo — a/I-
BOJIBHBI ITYHKT I3Tara a0’ siiHaHHs. 3roj/lHa 3 a3HAYPHHEM a0’ SiTHAHHS TITHI ITyHKT
HAJICXKBIIb Xallsd O agqHaMy 3 pas3riisgaeMbix MHOCTBaY. [Takombki raTae MHOCTBA
3’Ayisiena aaKpbIThIM, TO SIMY HAJISKBIIh HEKaTOpae HaBaKoJUIe MMyHKTa Xo. [ 9Tae
HaBaKOJUIE 3r0JIHA 3 a3HAYPHHEM a0’ sIHAHHS HAJICXKBIIh 1 a0’ SITHAHHIO Pa3IisiaaeMbIX
MHOCTBAY. 3HaYblIllb, Xo — YHYTPaHbI TYHKT a0’ sIIHAHHSL.

TakiMm ublHaM, MbI JJaKa3ai, IITO KOKHBI MYHKT Xy a0’ iAHAHHS aAKPBITHIX
MHOCTBaY 3’syJidella YHyTpaHbIM IyHKTaM Iratara a0’ aiHansd. Tamy
pasrisigaemae ad’siiHaHHE 3’ AYJIela afKpbIThIM MHOCTBaM.

2. Haxait Gy, Gy, ..., G, — kaHe4Has CyKyIHAaCIlb aJAKPBITHIX MHOCTBAY,

G=()G,.

n
k=1
Hsixait xo — aaBoJIbHBI MyHKT MHOCTBA G. 3roj/iHa 3 a3HAUPHHEM IePaCTIIHHS MHOCT-
Bay Oym3em Mellb, mto xo€ Gy (k=1, 2, ..., n).

[Takonpki Gy — aaKpbITae MHOCTBA, Xo€ Gy, TO ICHYe TaKOe HABAKOJIIC IMTyHKTA Xg
panbliyca Iy, sikoe rankam 3msmmaaena y G (k=1, 2, ..., n).

Pasriiea3imM aikphITHI AP 3 IPHTPAM Y IMYHKIE Xg 1 pagbrycam r=min(ry, ro, ..., Ip).
3pa3ymera, IMITo MITHI Map 3MsIIdaeIa ¥ KoxHbIM 3 MHOCTBaY Gy, Gy, ..., Gy 1
Tamy 3msrdaenia ¥ mHocTee G.
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TakiM ublHaM, MBI JIaKa3aii, IITO JJISI KO)KHAra myHKTa xo€ G iCHye Takoe
HABaKOJIJIE TATara IMmyHKTa, SKoe majkam 3msmrdaeria ¥ G. ['3ta cBemusib abd ThIM,
IITO KOXKHBI IMyHKT MHOCTBa G 3’symsieniia yHyTpaHsIMm, T. 3H. G — agkpeiTae
MHOCTBA.

3AYBAT'A 4. [lepacsiusHHe OACKOHIIAN CYKYITHACI aJAKPBITHIX MHOCTBAY MOXKa
OBIIb aIKPBITHIM MHOCTBAM, @ MOa 1 He OBILb aAKPBITBIM MHOCTBAM.

PBIKJIA/] 7. Ha nikaBait mpamoit pasriensivm MaocTBa G =(— % %) k=1,2,...,n).

O’KHAa€ 3 IIThIX MHOCTBAY 3’ syJIA€lIa aIKPbIThIM. AJTHAK 1X NIEpacsYdHHE

= ﬂGk ={0} He 3’saynsera aaKpbITHIM.
k=1
TPAPIMA 2. Kani mnocmea G 3’aynseyua aokpvimuim, mo s2o oaoamax CG
0a MempvIYHAll NPACMOPbL ECUb 3AMKHYmAe MHOCHEA.

JOKA3. MuoctBa G — ankpsiTae, Tamy JJIs KOKHAra myHKTa xo€G icHye Ha-
BaKOJIIC, SIKOE IaJIKaM HaJIeKbIb G. ['3Tae HaBakojuie He 3MsIIII4ae MyHKTay
mHocTBa CG. 3HaubIlb, Xg HE 3’ AYIIseIa JiMiTaBaHbIM ITyHKTaM MHOCTBa CG.

Takim UbIHaM, MBI JaKa3aii, ITO KOKHBI MYHKT Xo€ G He 3’ aysera JiMiTaBbIM
nyHkTam MHOCTBa CG, Tamy MHOcTBa CG 3Ms1Iuae yce cBae JTiMiTaBbls TyHKTHI,
I.3H 3’ yJIAe1a 3aMKHYTBIM.

T2APIMA 3. Kani mnocmea F 3’aynaeyua 3amknymoim, mo szo oadoamax CF
0a mempuvluHail npacmopsl 6yo3e a0KpbimviM MHOCHIEAM.

JIOKA3. Haxaii xoe CF, Tamy xo¢ F. [lakonbki MHOCTBa F 3Msiuae yce cBae Jimi-
TaBbIsl MyHKTHI (SIHO 3’ AYIIsea 3aMKHYTBIM), TO Xo— HE 3’ syJIselia JiMITaBbIM
MyHKTaM MHOCTBa F. 3HaubIlb, icHye Takoe HaBakosuie G (Xp) MyHKTa Xg, IKOE HE
3MsiIII4ae HiBOJHAra MyHKTa MHOCTBa F, agpo3Hara aj Xxo.

[Makonbki xo2F, T0 ¥ G(xg) He 3MsIIUacIa HiBOJHAra MyHKTa MHOCTBA F, Tamy
G(xo) 3msmruaerra y CF.

Takim ubItHaM, MBI JaKkaszaii, mTo JJIs Jirodora myHkTa xo€ CF icHye Takoe HaBa-
kosuie G(xg) raTara myHKTa, sikoe Haikam 3msirdaeiia y CF. ['ata cBequblIib, IITO
KOXHBI MyHKT MHOCTBa CF 3’sysenia YHyTpaHHBIM ITyHKTaM raTara MHOCTBA,

r. 3H. CF — ankpeITae naaiMHOCTBA.
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BBIHIK. ITycTtoe MHOCTBA 1 ¥Csl METpBIUHAs MPAcTOTA 3’ SIYISIOLIIA K
3aMKHYTBIMI, TaK 1 aJJKPBITHIMI MHOCTBaMI.

JIOKA3. BigaBouHa, IITO MMyCTOE€ MHOCTBA 1 MHOCTBA X 3 SYIIAIONIIA 3aMKHYTHIMI.
[TakonbKi KOXKHaE 3 1X 3’ sIyJsera qagaTkaM Apyrora aa MeTpbIYHAN PacTopbl, TO
3roJiHa 3 TAapaMai 3 KoXkHae 3 1X 3’ siyJsera aJKpbIThIM MHOCTBaM.

T2APIMA 4. Ad’a0nanne 110001 KaHeuHall CyKynHACYi 3aMKHYMbIX
MHOCHM Ay i nepacauinne a1000i CyKynHacyi 3aMKHYmMblX MHOCH164)
3’APAAIOUUA 3AMKHYMBIMI MHOCH 8AMI.

JIOKA3. 1. Ilpsl nokaze Oya3eM KapbICTalllla HACTYITHbIMI YIacI[iBaCLsMI:

C(CF)=F;

ClJF, =(CF.:
C(F., =[JCF,.

Hsxaii F, (=1, 2, ..., N) — 3amkHyTBIZ MHOCTBBIL. Tamel CF, 3rogHa 3 Toapamaii 3

n
OyAylb aAKPBITBIMI MHOCTBAaMi, TAMY MHOCTBaA ﬂCFa — aJIKpbITae (IJ1. TIapIMy

a=1

1).

n n n
[Takonbki ﬂCFOc = Cﬂ F, ., TO Cﬂ F, — ankpeiTae MHOCTBA. AJCIOJIb, CKaphIC-
=1 =1

o=l

n n
TayIIbl TIAPIMY 2, aTPBIMIIIBAEM, IITO C(CU F)= U F Oynze 3aMKHYTHIM

a=1 a=1

MHOCTBAaM.

2. Hsxait naazena mo0asi CyKyIHacIb 3aMKHYThIX MHOCTBaY F,. Tanbl 3rogHa 3
Trapamait 3 MHOCTBBI CF,, Oyayis aakpbIThiMi. CKapbIcTayIIbl T3apaMy 1,

aTpBIMJIIBaeM, IIITO U CF, — ankpsbiTae MHOCTBA. [TakosbKi UCFa = CU F, .10
o o o

CU F, €cup ankpbeITac MHOCTBA. AZICIOJIb, HA MTAJICTABE TAapaMa 2, Oy13eM Mellb, IITO

o

MHOCTBa C(Cﬂ F)= ﬂ F, Oynse 3aMKHYTBIM.

3AYBAT'A 5. AG’sinHanHe OSICKOHIIAal CyKYITHACI 3aMKHTBIX MHOCTBAaY MOa 1 He
OBIIb 3aMKHYTBIM MHOCTBAM.



30
: . . : 1
PBIKJIA/] 8. Ha nikaBaii npamoii pasriensim MuocTBel F=[—, 2], o=1,2,3, ....
o

9TBISI MHOCTBBI 3’ SIYJISFOIIIA 3aMKHYThIMI. AJTHaK U F, =[0, 2] ne 3’synsemnua 3aMKHy-

o=1

TbhIM.

2.3. [loyHbist METPBLIYHbIA MPACTOPHI
Hsixait nanzena metpbryHas npacropa X, r. 3H. napa (X, p), A3€ p — ajyieriaacip.

Paneit 6b110 YBeA3eHa maHsAIe QPyHIaMeHTaIbHAN MMACII0YHACII TyHKTaY
npactopsl E;. ['aTa mansiie MoxHa adaryJbHiIlb Ha BBITIaJIaK aABOJIbHAN
METPaYHbIN TPACTOPHI.

A3HAYDHHE 1. [Tacnanoynacup (x,) MyHKTay METphIYHAN TTPACTOPHI HAa3bIBACII-
na GpyHaaMEeHTaIbHOM, Kalll AJid Jro0ora fajgaTHara Jiky € icHye Taki Hymap N,
IITO JUTS YCiX HyMapoy M i N, Gosbibix N, BBIKOHBACIA HAPOYHACIH O (Xq, Xm)<E,
I. 3H.

ve>0, AN, Vn, m>N = o(Xp, Xm)<&.

Paneit 6b110 YBeA3eHA MaHsAIIE 30SKHAN TTACAI0YHACII ITyHKTaY METphIYHaAN
IPacTOPBI.

A3HAYIHHE 2. [Tynkt a € X Ha3bIBaellla JiMiTaM MacjsiioyHacti (x,) myHKTay
MeTpbIuHai pactopsl X, kaii Ve>0, IN, Vn>N = p(x,, a)<e.

Kani myHKT @ 3’synsemnia JiMitTaMm macisaoyHacii (x,), TO TITHI (pakT CiIMBaiuHA
3amiCBaroLb TaK:

limx, =a.

n—o

[Tpw1 rITHIM TaBOpAIlb, IITO MACTATOYHACIH (Xn) 30sTaema na a. Kam macnsamoy-
HACIIb (Xp) Mae JIMIT, TO sIHa Ha3bIBaeIlIa 30eKHail.

VY3HiKkae MbITaHHE: SK 3BSA3aHBI TaMiXK ca0oi MaHsMI GyHIaMEeHTaIbHAM 1
30eKHal MacasIoyHaCUAY MyHKTay METphIYHAN MPacTOphI?

VY BeIaIKy METPBIYHAN IPACTOPHI E1 raTae neiTaHHE yKO pa3BsA3aHa. belna gaka-
3aHa HACTYITHAs TPapaMa: sl Taro, Kab macisoyHach (x,) MyHKTay rnpactopsl Eq
ObL1a 30exHail, HeabXo/IHa 1 JacTaTKOBa, Kad siHa OblIa (PyHIaMEHTaIbHAK.
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VY3Hikae MbITaHHE: 111 Oy/3€ TaK y BBINAAKY aJBOJIbHANH METPhIUHAN MPAaCTOPHI?

T3APIMA 1. Koscnasn 30excnan naciadoynacus (X,) RyHKmay mempuluail
npacmopul X 3’ayaaeyua pynoamenmaivHail.

J[OKA3. 3rogna 3 ymoBal TaapaMbl HacisIoyHacIb (x,) 30sraela 1a Hekatopara
nyHkra a € X. Tamy maem:

ve>0, 3N, V>N = p(X,, a)<é&/2.

AJICIOJIb 3 HSPOYHACIIl TPOXBYTOJIbHIKA BbIHIKae, ITO VN, M>N BbIKOHBaewLLa
HAPOYHACIb

(X, Xm)<o(Xn, @)+0(a, Xm)<&l2+el2=¢.
TaxiM ybIHaM, MBI JTaKa3ai, IITO
ve>0, AN, Vn, m>N = o(Xp, Xm)<&,

r3Ta 1 CBEIUBIIb a0 ThIM, IITO JaJ3€Has MacasiaoyHaclp (x,) 3’ Aysernia
byHaamMeHTaNnbHa.

A3HaUbIM, IITO CLUBAPIKIHHE, AKOE 3’ SAyJISIENIa aABAPOTHBIM T3api3me 1, He Mae
Mecla, 00 ICHYIOLb TaKisi METPBIYHBIS PACTOPHI, Y AKIX Maroia
(byHIaMEeHTaJIbHBIS NACSA0YHACLI, KIS HE 30sratonua.

PHIKJIA/] 1. Pazrinen3iM MHOCTBA pa3HACTAWHBIX pallbIsTHATBHBIX JIIKAY 3 ajijier-
acIIo, sikas BeI3Hauaerma popmynai p(x, y)=p—y|.

3Ta METpBIYHAs npacTopa. fAHa 3’ aysenna naanpactopan npacTopsl Ej.

, . 1 . . .
asraeq3iM naciasagoyHaclp | X, = — | MyHKTAy raTal npacTopsl. I 3tas naciasnoy-
y " T y Y

acip 3’sysiena GyHaaMeHTanbHaii 1 30saraeria aa 0.

. 5 1Y .
a3ryieA31IM sS4’ aJHy NacjasgoyHacub | X, = (1+ — IIyHKTAay I'2Tan
n

pactopsl. ['aTas nacnsgoyHacip 3’ synsenia GyHaiaMeHTalbHal, afHaK y

n
a3risaaeMai mpacTophl siHa He 3’ syiiseriia 30exHaii, 6o lim (1+ —j =e —

n—co n

allbIsIHAJIbHBI JIK.
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IIPBIKJIA/] 2. Pa3rnen3iM MHOCTBA pa3HACTalHBIX MHATacKJIaaay 3 ajJieraacilio,
sKasi BbI3Ha4aela poyHaciio o(X, y)= max [X(t)-y(t)).
<t<

I'sTa MeTpbIYHas mpacTopa (sHa 3’sayisenua nagnpacropai npactopsl Cp 17), AKYIO
Oyna3em aba3Hauanp mnpas X.

A3HaYBIM, IITO 30€KHACITH TacisoyHacIi (x,(t)) a3Hadae mayHaMepHyro 30€K-
HacIlb Ha anpa3ky [0, 1] macmsmoyracii MHarackimanay (xp(t)).

Pasrienzim sikyro-HeOy 136 maciasaoyHacb (xn(t)) payHamepHa 30€kHYIO Ha
anpa3ky [0, 1] na ¢pyHKIe SiNt, HANPBIKIaI, TACISII0YHACI> MHAracKiaaay
Thiinapa.

OynkIpis SiNt He 3’ sysenia areMeHTaM npacTopsl X, 00 He 3’syIsera MHara-
CKJIa/IaM.

BinaBouHa, mro macisagoyHacib (xn(t)) 3’ aynsena pyHaiaMmeHTaIbpHaH, afHaK SHA
He 30sraenia y pasrisgaemMai mpacTopsl X.

3 npeikiagay 1 1 2 BeIHIKAe, MITO HE KOXKHAs METPBhIYHAS ITpacTopa Bajioiae Tou
yJIacliBacIto, IITO KOKHasd (PyHIaMeHTaIbHas MaciasgoyHaclb 304raenua.

A3HAYDHHE 3. Kani ¥ merpsiunaii mpactopsl X Jto0as GyHaaMeHTanbHas mac-
TS I0YHACI 30sTaella, To raTa mpacTopa Ha3bIBaella MoyHai.

[IpacTopsl, sKis ObUTI pa3riieKaHbl ¥ IpbIkianax 112 He 3’ saymsernia MoyHbIMI.
IcHyrO1b TIOYHBISI METPBIYHBIS IPACTOPHL.

PHIKJIA/] 3. lakaxaMm, mTo M-mepHas sykiiaaBa npactopa Ep, 3’ synserna noy-
ait. [Iper mokasze Oya3em KappIcTalllia mayHaTou npactopsl E;.

asriensiM aJBoJIbHYIO (PyHIaMEHTaJbHYIO NacisA0YHACHH TYHKTAY MPacTOpPbl

m-
(p) — ip)’ é(zp)’ .y &I{np) , ngp:l’ 2’ 3’ L

aKoJIbK1 pasrisiiaeMasi acisIoyHacp 3’ syisenua GyHIaMeHTallbHal, TO

2

>0, AN, Vp, >N =p x P q(p) :\/Z gip) _a(kq) <t.
k=1

NCIOJTb BBIHIKAe, mto VP, Q>N Oym3em merrs:
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‘é&p) §§Q)‘<8 ‘é(p) (Q)‘<8’ - ‘ggnp) _&E]?)‘<8_

3 anourHixX HApoyHacIsy poOiM BBICHOBBI, IITO (hyHAAMEHTAIbHBIMI OyIyIh HAC-

TyNHBIS TiKaBbis macnspoynacui: &P, EP L P

Ancronb 1 3 mayHaTel ipacTopkl Eq BeIHIKAE, ITO KOXKHAs 3 a0y aBaHbIX MMacis-
JTOYHacITy 304raeria.

Hsaxan

P>

Iim&é") =a,, 1)

p—®

.....................

Pasriensim nynkr a=(ay, as, ..., @m). ['3TBI TYHKT a HAJIESXKGIIb Eq,.

3 poyHacusy (1) BeIHIKae, IITO MACISI0YHACIH (X(p)) nyHKTay npactopsl Ey, 3051-
raeifia /a nyHkKTa a.

limx® =a.

p—

TakiMm ubIlHaM, MbI Jakaszaii, To ¥ npactopsl En, KoxxHas pyHIaMeHTanbHas
nacisoyHacup 30sraemua. ['ara cBequbiib ad ThiM, TO Ey — moyHas
METpbIYHAs MPacTopa.

IIPBIKJIAJ] 4. Pasrnensim npacropy Cpo, 13. I'oTa MHOCTBA YCiX QyHKIIBIA, HEMA-
PBIYHBIX Ha anapa3ky [0, 1], 3 axneriacupio o(X, )= max IX(t)-y(1)|.
Jakaxam, ITO raTas mpacropa 3’ sayiasenna noyHau.

Hsixaii (X,(t)) — agBosbHas GyHIaMeHTaIbHAS ACIAI0YHACIH JICMEHTAY Mpac-
Topsl Cpo, 1. 3roiHa 3 a3HaYIHHEM (yHJaMEHTAIbHAN MAcIsI0YHACI MaeM:

Ve>0, AN, Vm, n>N = p(Xn, Xm)= max X ()-ym(D)|<e.

AJICIOIIb BBIHIKAE, IIITO

Xn(D-Ym(D)|<& (2)



34

sxai X(t) =limx,(t).

asnren3iM pynkubiro X(t), sskas 3amaa3ena Ha aapasky [0, 1] 3amicanaii BBIIIDH
poyHacIro. Jlakaxkam, mro GyHKIbI X(t) HermaperyHas Ha aapasky [0, 1], r. 3H.

|
[,
)
I
]

4Ty JIsienina sueMenTam npactopsl Co, 1.

raTail MaTall y HIpoyHacili (2) nspora3eM Jia JIMITy Npbl M—>0, ATpbIMaeM:
Xn(1)—X(1)|<¢, Vi[O, 1], Vn>N.

I'akiM gbIHAM, MBI JaKa3a3ail, IITo

/

>0, AN, ¥Yn>N, Vte[0, 1] = [x.(H)-x(b)<e (3)

i 9Ta CBEAUBIL a0 ThIM, ITO (QYHKIIBIHHAS MacsaoyHacib (X,(t)) payHamepna
josraeriia 1a GyHkuen X(t) Ha axpasky [0, 1]. [Takosbki yce ameMeHTbI
asrisgaeMail GyHKIbIHAN TacisiioyHAcCI 3’ AYIISIOIIa HemapbhlyHBIM1

YHKIIBISIMI, TO JiiMiTaBast (GyHKIIA X(t) Takcama Oy13¢ HelmapblyHai Ha aJpa3Ky

aKakaM Iis1ep, MTo naciasaoyHacib (X,(t)) anemenray npactopst Cpg, 1
Ostraeria na sneMenTa x(t) ma MeTphILbI IITail MpacTopsl. 3 rITal MITA

tKapbIcTaeM CUBAPIKIHHE (3). CkapbICTaylIbl ITO, AaTPHIMAEM:

7 £>0, 3N, VN>N, = p(Xn, X)= max X, (D)—x(1)|[<Le.

<t<
[5Ta i cBemubILb ab THIM, IITO MACHAAOYHACIH (X,(t)) anemenTay npactopsl Cp, 1
Osiraera aa aneMenTa x(t) rarait mpacropsl. Takim UblHaM, MBI JTaKka3aii, TO ¥
ipactopsl Cpg 17 M00as GyHIaMEHTaIbHAs Nacasa10yHacHp 30sraenua, I. 3H. Cpo 1
— IIOYHas MeTpbIYHAas pacTopa.

TIAPIMA 2. Haxaii mnocmea X 3 adneznacyio p — noyHas MempvlyHas npac-
mopa. Kani X, 3’aynaeuua 3aMKHYmMbIM RAOMHOCH6AM 0A03E€HAll NPACMOPYL,
mo X, 3 adneznacyio p 6yo3e nOyHai Mempul4Hail NPACMopail.

JIOKA3. Cnauatky aa3HaubiM, IITO X; 3’ sSyIsiella MeTpbluHaii mpactopail. Jlakaxkam,
HITO T3Tasi METPhIUHAS IpacTopa 3’ Aynsgenta noyHail. Pasriuensim anBoiabHyio
byHIaMEeHTAIBHYIO TACsAI0YHACIb (Xn) MyHKTaY mpacTopbl X;. [lakonpki X;cX,
TO (Xp) 3’Ayngenia Takcama pyHIaMeHTalIbHal NacisII0YHACIIO TyHKTay
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npactopsl X. [Ipactopa X 3’aymserniia noyHai, Tamy iCHye Taki MyHKT a € X, IITO
limx, =a.

n—o

JI€rka 3ayBaxbIib, TO a<€ X;. Camnpaynbl, Kaii a cynaiae 3 skiM-HeOyA3b dJIeMEH-
TaM macisaoyHacti (X,), To a€ X;. Kani a ne cynazgae 3 sikiM-HeOyA3b dJIeMEHTaM
nacysiioyHacrii (Xp), TO 3 a3HaUdHHSA JIMITY MMac/IsIOVHACI BRIHIKAE, IITO a Oya3e
JIMITaBbIM ITyHKTaM MHOCTBA X;. [lakonbki X; — 3aMKHyTae MHOCTBa, TO Oy13eM

Mellb, IIITO a € X;.

Takim ubIiHaM, MBI JJaKka3aii, MTo JJIs JIIo0or GyHIaMeHTanbHal nacisiioyHacti

(Xn) myHKTaY MpacTopsl X; icHye Taki MyHKT a€ X;, mTo limX, =a.arai

n—oo

CBEIYbILb a0 MayHalle npacTopsl X;.

PhIKJIA/] 5. Anpasax [a, b] 3’ aynseniia 3aMKHYThIM [TaJMHOCTBAM ITOYHAH MET-
praHait npactopsl E;. Tamy anpasak [a, b] 3 agnernacio p(x, y)=p—y| Oyasze
OYHAall METPBIYHAN IPACTOPAN.

2.4. IIpbIHUBIN CHiCKAJbHBIX AVTIOCTPABAHHAY

VY maparpade 1.2. 61710 YBea3eHa MaHSAIIIE aTFOCTPaBaHHS MHOCTBA X Y MHOCTBA Y.
['aTae apmrocTpaBaHHE Ha3bIBAIOIb TaKCaMa (PYHKIIBISH a00 amepaTapam.

Kani 3aman3ena apmoctpaBanHe A MHOCTBa X y MHOCTBaA Y, TO TaBopallb Takcama,
IITO Ha MHOCTBE X 33J1aJ13¢HbI anieparap A ca 3HaudHHSAIMI ¥ MHOCTBE Y.

VY Tr0phIi AbIGEPIHIBISUIBHBIX payHAHHSY MBI BBIBYYalll TPApIMy a0 iCHABaHHI

1 aa31HACIIl panHHAS AbIhepIHITbIIIbHATA payHaHHA. MBI mazHaéMUTICA 3 I0Ka3aM
ra3Tail T9apIMBI METaIaM MACISIOYHBIX HAOMDKIHHAY. [ 3ThI J0Ka3 MaciIyKbly
mpaTaThlliaM HaCTyITHAN TIapIMBI.

TAPIMA banaxa (npvinysin cyickaavnvlx adarwcmpasannuay). Haxaii y noy-
Hail mempvlunail npacmopul X 3a0a03envt anepamap A ca 3HaUIHHAMI Y 2IMail rnea
npacmopuwt X. Haxaii icnye maxi nik 0<a<l, wumo ona n106v1x 06yx nynkmay X',
X "e X @viKOH6aeyua HAPOYHACUb

pA(X'), Alx"))<ap(X', X"). (1)

Taowt y npacmoput X icuye aod3in i moawvki ao3in nyukm X , maxi, wumo A(X )=X

ITyHkT X Ha3bIBaeLlla HEPYXOMBIM ITyHKTaM.
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AnmoctpaBanHe A mipacTopsl X y csi0e Ha3bIBaeIlIa CIIiICKAIbHBIM, KaJjll iCHye TaKi
nyHKT 0<a<l, mto VX', X' € X BeIkOHBaema HipoyHacIb (1). AaCroib 1 maxoa3iib
Ha3Ba «IPBIHIIBII CIICKATBHBIX aJJTFOCTPABAHHSIY.

[Taguac T™@apamy banaxa gpapMynoOIs HACTYITHBIM YbIHAM: CI[ICKaJIbHAE aJ[JIFOCT-
paBaHHE A MOYHail METpbIUHAN MPacTOpHI ¥ csibe Mae ai3iH 1 TOJbKI a/31H
HEPYXOMBI ITYHKT.

JIOKA3. Pa3rien3iM aiBOJIbHBI TyHKT Xo€ X.
Msipkyem: X1=A(Xo),
XZZA(X;L),

Jlakaxkam, mTo ¥ mpactopbl X macisiioyHacIb (X,) 304raeria 1a Hekatopara
nyHkTa. J[akaxam Takcama, IITO MIThI MYHKT 1 3’ AYJIsiela ThIM TyHKTaM, ao
ICHaBaHHI SKOTAa CIBAPJKAE TIApIMA.

CrauaTky gakaxaM, IITO TaciasAoyHACIh (X,) 3’ aynsenia dyHaaMeHTalbHai. 3ay-
BaXKBIM, IIITO

(X1, X2)=p(A(X0), A(X1))<ap(Xo, X1)=ao(Xo, A(Xo)).

Takim ubtHaM, O(X1, X2)<ap(Xo, A(Xp)).

Maem: p(Xa, X3)=p(A(X1), A(X2))Sap(X1, X2)<o p(Xo, AXo)).
TakiM ubtHaM, P(Xa, X3)< (X, A(Xo)).

3ayBakaeM 3aK0H: P(Xy, X1 )< (X0, A(Xo)).

VY npayaziBaciii sAro A J1r000ra HaTypajibHara JIiky K MokHa repakaHaiiia MeTa-
JlaM MaTAMaThIYHAN 1HYKIIBI.
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BosbMewM wisiniep /1Ba aABOJIBHBIS HATYypaIbHbIA JTiKI M 1 N. Hsxaii muis moynacti
m>n. CkapbICTayIIbl HIPOYHACIb TPOXBYTOJIBHIKA 1 aTPHIMAHbBIS BHIIIIH
HSpOYHacI, Oya3eM Mellb:

2Xn, Xm)<0(Xn, Xn+1)F0(Xn+1, Xm)<0(Xn, Xn+1)+0(Xn+1, Xn+2)t. .. F0(Xm_1, Xm)<

(a4 o) plko, A= Ple, A< Ao, AG)).
- -
TakiM ubIHaM, MBI JIaKa3alli Mpaya31Bacilb HAPOYHACIII

o Ko<= ke, A1) @)

n

[TaxombKi (X0, A(X0))—0 mpb1 N—00 (00 0<a<1), TO CKaphICTAYIIIbI A3HAYIH-

HE JIMITY MacsI0YHACI, aTPhIMAEM:

n

Ve>0, 3N, Yn>N = 10‘— (%0 A(X0))<é,
-

tamy Ha najacrase (2) Vm>n>N, Oya3zeM Melb, mto o(Xn, Xm)<&.

TaxkiM 9bIHAM, MBI JTaKa3ai, MTo nacisaoyHacip (X,) 3’ ayisernia yHiaMeH-
TaJILHAH.

[Ta yMoBe T3apaMbl MeTpbIUHAs pacTopa X 3°ayisenna noyHau, TaMy pasrisjac-
Mas nacisioyHacup (Xp) 30sraenua, r. 3H. y npactopsl X iICHye Takl MIyHKT X , IITO
limx, =X, r.3H.

n—oo

limp(x., X)=0. (3)

n—oo

[{anep makakam, IITO MyHKT X 3’SAyJsS€la HEPYXOMBIM MIyHKTaM aneparapa A,
r. 3H. mTo A(X )=X.

3ayBaXkbIM, IITO

(X A(X))So(X 5 Xn)+o(Xn, A(X))=p(X s Xn)+o(AXn-1, A(X))SO(X, Xa)+oo(Xn 1,

%).

Takim ubtHaM, 0<p(X , A(X ))<o(X , Xn)+tao(Xn_1, X ).
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VY raTaii HApPOYHACI MAPOUI3EM J1a JIIMITY MPbI N—>0 1, cKapbIcTaysl (3), aTpbl-
maeM: 0<p(X , A(X))<0 = o(X, A(X))=0 = A(X )=X.

IcHaBaHHe Hepyxomara IyHKTa arepaTtapa A makaszani. Jlakakam am3iHaciis HEpy-
Xomara IyHKTa arneparapa A. Mspkyem agBapotHae. Hsxailt icHYOIb Ba TyHKTHI

X,y eXmro A(X)=X,A(Y)=Y.

Taner p(X, Y)=p(A(X ), A(Y))<ap(X ,Y), . 3H.

AX, Y)<ap(X, y).

AJCr0Jb BBIHIKAE, IITO =1, aje rata Cymspa3yslllb Tamy, TO na ymose 0<a<l.
3AVBATA 1. Kani § mapoyraci (2) mepaiicii a JiMiTy Ipsl M—>00, TO

aTpbIMACM:

o )<= At A 4)

MpI atpeiMali alPHKY X10HACI, sIKas aTphIMITIBaeIlla Npbl 3aMeHe X Ha X,.

AJI3HaYbIM TaKcama, IITo MadyI0BY MACIIOYHACII Xo, X =A(Xg), X2=A(X1), ..., 30eKHai
Jla HepyxoMara IyHKTa X , MO)KHa KbILIISYIISIb 3bIXOI35UbI 3 JTF000Ta d7IeMeHTa Xo€ X.

PBIKJIA/]. Jlan3ena payHaHHE
(x)=x, ©)

3e f — (dyHKIBI, 3ama03¢Has Ha aapI3Ky [a, D], 3HaUSHHI sIKO¥ Takcama
anexarnp aapasky [a, b].

yJ3eM Takcama MepKaBallb, IITO TITast QyHKIbIS 3’ sysena qpihepIHiaBaibHai
a anpa3ky [a, b], i mro |F'(X)|<e<l Vxe[a, b].

aKa)xaM, IITO TIPBI TITHIX YMOBAaxX payHaHHE (5) Mae paliHHE 1 TOJIbKI aJHO.

navyaTKy af3HaubIM, IITO aapasak [a, b] 3 amrernacito p(x, y)=p—y| 3’synsera noy-
ait MeTpbIYHail mpacropaii. ['3Ta Op1T0 abrpyHTaBaHa ¥ KaHIIBI TATISIPIIHSTA

aparpada.

ayiel 3ayBaXkpIM, IITO Aaa3eHast QYHKIBISA 3’ Ayiseriia aJIFocTpaBaHHEM aIpI3Ka
a, b] y cs6e.

9Ta aJUTIOCTpaBaHHE 3’ STYIsea CIICKaTbHBIM, 00 1a (hopmyrie Jlarpamxka Oym3em Merib:
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[F(X)—F(X")|=[F (D)X —X""|[SAgX'—X""|, ¥X', X""€[a, b],
r. 38 p(f(X'), f(X'"))<ap(X', X'"), VX', X" €[a, b], 13e 0<a<1.

Takim ublHaM, yce maTpabaBaHHI T2apaMbl baHaxa BeIkaHaHbBI. 3TO/IHA 3 TITal THa-
paMaii Ha aapa3Kky [a, b] icaye aa3in i ToabKi afa3id myHKT X , mto f(X )=X .

['>TeIM J1akaszaHa, mMTo payHaHHe (5) Mae pallldHHE 1 TOJBKI aHO.

['aTae pammHHE 3’ gyseria JiMiTaM HacTyITHal Macis10yHaCIIl:
Xo, X1=F(Xo), X2=f(X1), ..., Xn=f(Xn_1), ...,

N3¢ Xo — aJBOJIbHBI ITyHKT ajpa3ka [a, b]. KoKHBI 351eMeHT X, raTai
nacasA0YHACHI MOXKHA Y3511b Y SKacIl HaOJI)KaHara 3Ha4sHHS payHaHHS (5).
ATpbIMaHasi pbl IITHIM X10HACIH BbIIiYaela na gopmyse (4):

n

X, —X]| < lf_a\xo —f(x,)).

3AYBATA 2. IIpsl nanamo3e NpbIHIIBITY CIIICKATBHBIX aJTIOCTPaBaHHSY MOKHA
JlaKa3allb TPap3MYy Ipa ICHaBaHHE 1 aJI31HACIIb PaIldHHS Jbl(DepIHIIbIsIIPHATA
payHaHHs.

3. bynosa JiHeiiHbIX MHOCTBay. Mepa JleOera
3.1. byaoBa JiHEeHHBIX AAKPBITHIX i 3AMKHYTBIX MHOCTBAY

VY nan3eHbIM 1 HACTYIHBIM naparpadax Mbl Oya3eM BbIByYallb JIHEHHBISI MHOCTBBI,
I. 3H. MHOCTBBI TyHKTaY 3VKJiaBai npamoil. [Takonbki 3ykiiiaBast mpamast

3’y IsieIa MeTphIYHAl MPAacTOpaid, TO Yce TIapAMBI, JaKa3aHblsd ¥ maparpade 2.2
OyITylb Mpaya3iBbIMi 1 U1 JTIHEHHBIX aJKPBITHIX 1 3aMKHYTBIX MHOCTBaY. ATHaK
JHEHHBIS aIKPBITHIS 1 3aMKHYTHISI MHOCTBBI BAJIOAIOIIb IIPAaraM CIebI(hI9HbIX
ynaciiBacipry. Hexkatopsis 3 ix Oyayib BRIByYaHbI ¥ Taq3eHBIM Tlaparpade.

I. [Tansap3aHe HaragaeM a3HAYIHHE BEPXHSI MSKbI JIiKaBara MHOCTBA i
BBIBY4YbIM HEKATOPbIA yjaacuiBacui.

A3HAYDHHE 1. Hix#siit Mmskoii MEHOCTBaA E Ha3bIBaelina HaliOOIBIIEI 3 JTiKaY,
Kis1 aOMSKOYBAIOIb IITa€ MHOCTBA 3HI3Y.

['sTae a3HausHHE MOXKHA ChapMyIaBallb 1 HACTYITHBIM YbIHAM: JIiK A Ha3bIBaeIa
HDKHSIH MsDKOM MHOCTBA E, Kani €H 3aaBasibHsA€ HACTYITHBIM 3BIOM YMOBaM:



40

JU1s1 Tro0ora X € E BhIKOHBaeI11a HApOYyHacIb X=A,
JUTst mio0Oora najgaTHara JiiKy & icHye Taki Xo€ E, mTo Xo<A+e.
CiMBaJIiuHBbI 3a11ic HDKHAN MsDKbI MHOCTBA E: A=InfE.

A3HAYIHHE 2. Bepxusii Msixkoit MHOCTBa E Ha3bpIBaelilia HallMEHIIIbI 3 JIiKay,
K1 aOMsKOYBAIOIh IITae MHOCTBA 3BEPXY.

I'sTae a3HausHHE MOXKHA C(bapMy.IIHBaHI) 1 HAaCTYITHBIM YbIHAM: nik B Ha3bIBaclIia
BerH}Iﬁ MSDKOM MHOCTBA E, Kajl €H 3aJaBaJIbHAC HACTYIIHBIM A3BIOM YMOBAM:

X<B, VxeE;

V>0, IxoeE = xo>B—-=.

CiMBaiiuHbI 3a1mic BEpXHANU MsKbl MHOCTBa E: B=SUpE.
PHIKJIA/] 1. inf(a, b)=a, sup(a, b)=b.
PBIKJIA/] 2. sup{1, 2, 3}=3, inf{1, 2, 3}=1.

AkciéMa mmpa BEpXHIOIO MSIKY CBEIUBIIh a0 HACTYITHBIM: KaJll MHOCTBA
abMe)kaBaHa 3BEpXY, TO STHO Ma€ BEPXHIOIO MSKY.

[Ipw1 mokase raTait akci€mbl JIETKA Jlaka3allb HACTYITHYIO T2apaMy: Kaji MHOCTBA
abMer)kaBaHa 3HI3y, TO STHO Ma€ HIXKHIOIO MSIXKY.

3 pasriemKaHbIX BRI MPBIKIIAAaYy 0auybiM, MITO BEPXHSA (HIKHSA) MsDKa K
HAJICXKBIIb, TAK 1 HE HAJICXKBIIb JaA3€HaMy MHOCTBY.

TIAPIMA 1. Kani éepxunan maxca munocmea E icuye, ane ne nanexicoiyp
MHocmaey E, mo ana 3’aynaeyya nimimasvim nynkmam 2imaza MHOCMéd.

J[OKA3. 3rogna 3 ymoBail TapaMbl MHOCTBa E Mae BepxHIOI0 MsiKy. AOGa3HaubIM
se ripa3 B=SUpE. Tpn6a makazanp, mto B 3’aynseriia siMiTaBbIM MyHKTaM
MHocTBa E.

BosbsmeM aaBosibHbI JTiK €0 1 pa3rien3iM e-HaBakoJule MyHKTa B, r. 3H. iHTApBa
(B¢, B+¢). [Nakonbki B 3’synsenia BepxHsii Msbkoir MHOCTBA E, TO 3roana 3
a3HAY’HHEM BEPXHAN MSKBI ICHYe ¥ MHOCTBE E Taki MyHKT Xo, TSI SIKOTa
BBIKOHBAEIIIIA HIPOYHACIIb

B—e<x,<B.
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[1a ymoBe B E, Tamy maem, mro B—&<x,<B. 3 rataii usipoyHaciii poOiM BHICHOBHI,
mro Xo€(B—¢, B+e) 1 Xo2B.

TakiM yblHaM, MBI JIaKa3aii, IITO JJI000e &-HaBaKOJUIe MyHKTa B 3Msigae
MpBIHAMCI aJ131H YHKT Xo€E, anpo3usl aa B, r. 3H. B — niMiTaBbI IyHKT.

AJ3HaYbIM, IITO aHAJAT1vyHAs TPapIMa Mae MEeCla 1 ISl HKHSANU MSIKBI.

3AYBAT'A 1. Kani Bepxuss Msika MHOCTBa E HanexsInb E, To siHa MOKa OBIIb SIK
JiMiTaBaMm, TaK 1 13aJIIBaHBIM MYHKTaM r3Tara MHOCTBA.

TIPBIKJIAL 3. Sup{Z, 1%, 1%, 1%, } =2 .2 — NmiMITaBbl IyHKT JlaJi3¢Hara

MHOCTBA.
IIPBIKJIA/] 4. sup{1, 2, 3}=3. 3 — i3aJIABaHbI MyHKT JaJ3¢Hara MHOCTBA.

TAPIMA 2. Kani mnocmea E 3’aynseuyua abmesrcasanvim 36epxy (3uizy) i
3AMKHYMBIM, 0 AHO 3MAUIYAE CEAI0 8EPXHION (HINCHIOND) MACY.

J[OKA3. ITakonbki E abmexkaBaHae 3BepXy, TO SHO Mae BEpXHIOI0 MKy B. [laka-
*am, mrto BeE. Mspkyem anBapoTHae, mto BgE. Taas maBoie aapamel 1
MaeM, mTo B 3’synseniia snimitaBeiM myHkTam MHocTBa E. [1a ymoBe mHocTBa E
3’gaynsenua 3aMKHYThIM, TaMy BeE. Mbl nperitnui ga cynspasvHactii.

A3HAYIHHE 3. Hsixaii E — abmeskaBanae MaoctBa, A=INfE, B=sUpE. Anpazaxk [A, B]
Ha3bIBacIIa HAWMEHIIIBIM aIpI3KaM, sIKi 3MsIII9ae Ja/136Hae MHOCTBA.

AJI3HAYBIM, IITO KaJIi MHOCTBA E 3’gymserniia 3aMKHYThIM, TO KaHIIbI T'3Tara
aZpa3Ka HAJIeKallb J1aJ13€HaMy MHOCTBY.

PHIKJIA/] 5. Anpa3ak [0, 1] — HaiiMeHIIIbI aApa3ak, K1 3MsAII19ae MHOCTBA
TN }
2 3

'PBIKJIAJ] 6. Pasrnensim muocTBa {1, 2, 3}. Anpa3ak [1, 3] — HaliMeHIIBI aapa-
3aK, SIK1 3MSIT9ae 1a/13¢Hae MHOCTBA.

I1. BynoBa JiHeifHBIX aAKPBITBIX MHOCTBAY

A3HAUYDHHE 4. Haxait G — aakpseitac MHOCTBa. Kami inTapBain (a, b)
sMsimraaenia y G, ane sSiro KaHIsl rITaMy MHOCTBY HE HaJIEKallb, TO TATHI IHTIPBAJ
Ha3bIBACIIIA CKJIAIOBBIM 1HTApBasiaMm MHOCTBA G.
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IIPBIKJIAJ] 7. G=(1, 3)(5, 7) — amkpeitae muocTBa. (1, 3), (5, 7) — CKJIag0BbBIs
1HTApBaJIbI r3Tara MHOCTBA.

[TspoiinzeM ma BEIByUSHHS OyAOBBI JiHEHHBIX MHOCTBAY. [lansapaane gakaxam
HACTYIHYIO T2apdoMy.

T2APIMA 3. Kani G écuyb nenycmoe adbmesxcaganae adkpvimae MHOCHI8A, N0
KOXCHbL 5120 RYHKM HATIeHCHIYb HEKAmopamy cKiaooeamy iHmaipeaiy.

JOKA3. Pa3rnen3iMm aaBoibHBI MyHKT Xo€G. JlakaskaM icHaBaHHE Takora CKJiIaio-
Bara iHTIpBana MHOCTBa G, SIKi 3MSII4ae MyHKT Xo.

Pasriens3im nanamoxnae MHOCTBa F=[Xg, +0)NCG. ['3Ta MHOCTBA ITyHKTAY, SIKisI
pa3MsIIIyaronia MpaBeu MmyHKTa Xq 1 He Hasexkalb G. MuocTtBa F abmexaBana
3HI3y IIYHKTaM Xo, TAMY Mae HKHIOIO MSDKY, sIKYI0 a0a3HaubIM mpas /. 3
a3HAURHHS HIKHSIH MSDKBI BBEIHIKAE, IIITO

XoSp. 1)
Jlakaxxam, 1mTo
Xo< AL 2

[TaxonbKi [Xg, +0) — 3aMKHyTae MHOCTBa, CG — 3aMKHyTae MHOCTBA sIK JlafaTaKk
Ja aJIkpbITara, To MHOCTBa F=[Xq, +00)NCG 3’stysera 3aMKHYTBHIM MHOCTBaM SIK
IEpacCAYdHHE JIBYX 3AMKHYTBIX MHOCTBAY. TaMy maBojie Toap3Mbl 2 MAaeM, IITO
ueF. Takoneki X0ZF (Xo€G = Xo2CG = Xg&[Xg, +0)NCG), T0 Xg#L. ALCIONb 1 3
HsipoyHaciii (1) BbIHIKae, MTO Xo</L

Jlakaxam, IITo

ugG. (3)

Camnpaynpl, nakonbki puekF, o ueCG, aakyns 1 BeiHIKae, mTo ygG.
Jlakaxxam, mro

[Xo, 1)G. (4)

Msipkyem afaBapoTHae. Tajpl HaBIHHBI 3HAMIICS TaKi MyHKT Y, MTO YE[Xo, 4) 1
y¢G. Anctonb BbIHIKae, mTo YeF 1 y<p. AnHak rata 3’syisierniia HeMardbIMbIM, 00
L — HDKHSIS MsDKa MHOCTBA F. 3HaubIlb, CHBAPKIHHE (4) MBI JJaka3all.

Takim YbIHaM, MBI I[aKaSaJIi ICHaBaHHE TaKora ITYHKTa L, ITO
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Xo<H,

ugG,

[Xo, 1)=G.

AHaarigHpIM YbIHAM JIaKa3Baellla iCHaBaHHE TaKora IyHKTa A, ITo
Xo>A,

A¢G,

(4, Xo]<=G.

Pasrnenzim inTIpBan (A, 1). ['3Te iHTIpBaN 3’ Aysienia, BiJaBOYHa, CKIaI0BbIM
iHTApBaslaMm MHOCTBA G 1 3MsIIT9ae MyHKT Xo. T2apamy 3 gakazani.

PazaM 3 raThIM MBI 1aKka3alii iCHaBaHHE CKJIAJIOBBIX IHTIpBAJIAY y KOKHAra HEImycTora
abMe)kaBaHara aJKpblTara MHOCTBA.

T2APIMA 4. Kani (A, 1) i (0, T©) — 06a cK1adoewvlsa iHmpeaivt a0nazo i mazo
e aokpvimaza muocmea G, mo aHvl Yi cynaoanous, yi He nepacaKaryua.

JIOKA3. Jlariuna MardeIMbl JIBa BBITIAJIKI:

111 HE TepacsIKaroIa;

111 TIepacsIKaroIa, IT. 3H. MarOIlb aryJIbHbI ITYHKT X:

ALX< U, O<X<T.

Jlakakam, ITO ¥ PyTiM BBITAAKY CKJIAIOBBIS iHTIPBAIBI CYIIAIAIOIb, T. 3H. 0=/, [~T.

Msipkyewm, tro 7<u. Tanel 7€ (4, 1), anxynas BeiHiKae, mto 7€ G. AnHak rata 3°sy-
JIsieria HeMardbIMbIM, 00 7— KaHIIaBbl MMyHKT CKJIagoBara iHTapBaia MHOCTBa G.

Takim ubIiHaM, MBI JJaKa3aal HEeMardbIMacih HAPOYHACII 7 </

AHanariyHa Jjaka3Baeliiia HeMardbIMacilb HIpOyHacIl 7> . 3acTaerlia ToabKi
T=/U.

AHayariyHeIM YbIHAM JaKa3Baella, mro o =A.

BbIHIK. MHOCTBa pO3HBIX CKJIaJ0BBIX IHTIpBAJIAY HEIyCTOra abMexaBaHara
aakpsiTara MHOCTBa G 3’siynseliia KaHeYHbIM a00 3JT1YOHBIM.
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JOKA3. KoxxnaMy 3 TakixX IHTIpBaJIay MMacTaBiM y aJlaBeHacIb SKi-HeOya3b
parbIsiHaIbHBI TYHKT, K1 HAJIEXKBIIb TATaMy 1IHTIpBaly. ATpbIMacM y3aeMHa
aJIHa3HAYHYIO a/lllaBeHACIh TaMI>K MHOCTBAM YCiX pa3rIsilaéMbIX iHTIpBajay 1
YyacTKail MHOCTBA pallbITHAIBHBIX Jikay. [lakosbki yacTka MHOCTBA
palbITHAIBHBIX JIiKaY 3’ yIisera KaHeyHbIM a00 3JIIY0OHBIM, TO pasrisigacMmae
MHOCTBa 1HTApBajay Oya3e KaHEUHBIM a00 371YOHBIM.

3 T@apaMbl 3 1 BBIHIKY TAap3Mbl 4 aTpbIMIIIBAEM TIApAMY Ipa CTPYKTYPY JiHEWHAra
aJIKpbITara MHOCTBA.

TPAPIMA 5. Koscnae nenycmoe aomesxncasanae aokpvimae muocmea G
3’aynaeyua ad’10HaHHeM KaHeuHall 0o 31I40Hall CYKYRHACYUI IHmMIpeanay, AKisa
napami He nepacaKkaluua, i KAHYbL AKIX He Hanexcayb MHocmay G.

[Haki KaXKy4bl, KO)KHae HeImycToe abMekaBaHae ajkpbiTae MHOCTBA G EcIib
a0’g/1HaHHE KaHe4YHai a00 37114OHal CYKYITHACI YCSUISIKIX PO3HBIX CKIIAOBBIX
IHTIpBaIAy raTara MHOCTBA.

JIOKA3. Hsxaiit A — a0’siiHaHHE YCiX PO3HBIX CKIIAJOBBIX 1HTApBanay MHOCTBA G.
['aTae MHOCTBA 3r0/IHA 3 BBIHIKAM TAap3Mbl 4 Oy/3e KaHEUHBIM a00 3J11Y0HBIM.
Jakaxkam, mto G=A.

Hsxait Xoe G, ancronp Ha majcTaBe TPapIMbI 3 BBIHIKAE, IIITO Xo HAJICKBIIb SKOMY-
HeOy/13b CKJIa0BaMy iHTIpBay MHOCTBA G. 3HaUbIb, Xg€A. Takim ubtHaM, GCA.

Hsxaii XoeA. Tanpl aTpeIMTiBaeM, IITO Xo HAIECKBIIb SIKOMY-HEOY 13b IHTIPBAITY

mHocTBa G. 3Haublb, Xo€G. TakiMm usinaM, AcG. ITakonpki GCA 1 AcG, To
A=G.

3AYBATA 2. Mae Meclia i agBapoTHae TdapIMe 5 CIBSPIKIHHE, 1F000e MHOCTBA,
AKoe 3’syJsena a0’ sAHaHHEM THTApBaay, Oya3e aJKpbIThIM.

I11. BynoBa 3aMKHYTBIX JIIHEHHBIX MHOCTBAY

T2APIMA 6. Kani S=[A, B] — naitmenvuust aopizax, aki smawuae 3amknymae
muocmea F, mo mnocmea CsF=S\F oyoze aoxkpvimuim.

JOKA3. JlakaxxaMm nipaya3iBacip poyHaclii
CsF=(A, B)"CF, (5)

n3e CF — namgarak MHOCTBA F 1a sykiiaBait mpamoii. ACioib OyJ13€ BbIHIKAIlb,
mto MHOCTBa CsF 3’aysieniia aqkpbIThIM (SIK epacsiudHHE aJKPhITHIX MHOCTBAY ).
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Hsxait Xg€ CsF. Ancroinb BeIHiKae, mTo Xo€ [A, B] 1 Xo2F. I1akoibki Xo&F, To Xg#A,
Xo#B (T2apama 2).

Maewm Xo€[A, B] 1 Xo#A, Xo#B, 3Haubib Xoe (A, B). [Takonbki Xg&F, T0 Xo€CF.
Taxkim gbtHaM, Xo€ CF i Xg€ (A, B). Ancroins BeiHIKae, mTo X< (A, B)NCF.
['>1eiM MBI aka3aii, mro CsFc(A, B)NCF.

AnsapotHae ykimoudHHe (A, B)NCFcCsF 3’ aynsenia Bi1aBOYHBIM.

Takim ubIHaM, poyHacib (5) 1aka3aii, a pa3am 3 TITBIM JaKasali 1 TPapaMy 6.

[{srep MBI MOXkaM BBICBETIIIIB CTPYKTYpPY HEITycTora abMekaBaHara 3aMKHyTara
muocTBa F. [Takonbki F=S\CsF, To 3 T9apam 5 1 6 BeiHiKae npay3iBacii HACTYITHAM
T3aPIMBIL.

TIAPIMA 7. Kosxcnae nenycmoe abomesxcaganae 3amkHymae muocmea F 3’ay-
aAaeuua yi aopiI3Kkam, yi ampulmMana 3 Hekamopaza aodpi3Ka 6blKiOBAHHEM 3
29maza aopi3Ka KaHeyHnail ado 31i40Hall CyKynHacyi inmipeanay, AKia napami
He nepacaxkaruua, i KAHYbl AKIX Haaedcaub 0a03eHamy MHOCHIGY.

1 1 1 =1 1
Hms]mwz& {0, 1, 5o ...}:[o, 1]\U(— —j.

N+l n

A3HAYIHHE 5. Cknanosis iHTIpBaiibl MHOCTBA CsF Ha3bIBaroIa
JaJaTKOBBIMI 1HTApBajiaMi MHOCTBA F.

3AYBAT A 3. Mae Mecnia cuBsipJKIHHE, aJiBapOTHAE TrapaMe 7: 1o00oe MHOCTBA,
aTpbIMaHae 3 aJip33Ka BBIKIIBAHHEM HEKAaTOpail CyKyIHacIl IHTIpBaay, Oya3e
3aMKHYTBIM.

VY mpayaziBaciii raTara CIBSp/HKIHHS JIETKA MepaKkaHailiia, Kai cKapbICTallb Hac-
TYIHYIO BIJJaBOYHYIO POYHACIIb:

[a, b)\G=[a, b]~CG,

me G — azmKpbiTae MHOCTBA, sikoe 3MsImyaetiia ¥ [, b], CG — nanarak maocta G na
AYKJTIIaBail TpamMoi.

3.2. JlackaHAJIbISI MHOCTBBI
[IpansirHeM BbIBYYIHHE JIIHEHHBIX MHOCTBAY.

I. A3HausHHe JacKaHaJIara MHOCTBA i Airo OyaoBa
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A3HAYDHHE 1. MuocTBa P Ha3bIBaeIla JacKaHaIbIM, KaJll STHO 3MsII4Yae yce
CBae JIIMITaBbISl TYHKTHI, 1 KOXKHBI MMyHKT r3Tara MHOCTBA 3’ AYIIS€IIla JIMITaBbIM.

[Hakm kaxydbsl, MHOCTBa P Ha3pIBaela qJackaHaIbIM, Kajl sSTHO 3’ SyJIselia 3aMK-
HYTBIM 1 HE 3MSIITYae 13a/IIBaHbIX ITyHKTAY.

PhIKJIA/]. Anp33ak [a, b] 3’synsenna qackananbiM MEOCTBaM. [HT3pBai (a, b)
1 1 1

imuoctBa <0, 1, =, =, .., —, ...} He 3 AYISIOIIA JaCKaHAJIBIMI MHOCTBaMI.
2 3 n

BrIBy4BIM 3apa3 CTPYKTYpy AacKaHajara MHOCTBA. [akoibki raTae MHOCTBA 3751y -

JIselIa 3aMKHYTBIM, TO JIJIS 0 Mae Meclia TdapaMa 7 marspdaHsara naparpada.

AJTHaK SITO 1aJIaTKOBBIS IHT3PBAJIBI BAJIOAAIOLb SIITYD HEKATOPHIMI HOBBIMI

VnaciiBacipgMi. PasriaensiM raTeis ynaciiiBacii.

JEMA 1. Haxaiit G — nenycmoe abmedncasanae aokpvimae MHOCHea, a (a, b)
— inmapean, aki smamuaeyya y G. Taowvl capoo cknaooswvix inmapsanay
muocmea G icnye maxi, aKi smawuae y cabe inmapean (a, b).

JIOKA3. Hsxaii Xo — aZBOJIbHBI IyHKT iHT3IpBaia (a, b). 3pazymena, mro X eG.
Tamy raThl MyHKT HaJEXKBIIb HEKATOpaMy CKJIaJ0BaMy IHTIpBaNy (TJI. Tapamy 3
naparpada 3.1). AGa3HaubIM I'3THI CKJIAIOBBI iHTApBAN Tpa3 (A, 1). Jakaxam, mTo
1>h.

Msipkyem npariiniernae, Haxad p4<b. Taabl Oya3eM melib, mto (@, b), r. 31, ueG.
AJTHaK T3Ta HeMardeiMa, 00 4 3’syIIsiera KaHaBbIM ITYHKTaM CKJlajoBara
1HTApBaJIa, a TaKi KaHIIaBbI MYHKT HEe HAJIeXKbINb G. TakiM uplHaM, MbI TaKa3ali,

mITo L2h.

AHanarigba gakasBaeriia, mro A<a. ['3TeIM makaszaHa, ITO CKJIAJI0BBI IHTIPBAI
(4, W) 3MsII9ae qaa3eHbl IHTAPBAI.

JIEMA 2. Haxait F — nenycmoe aomesxncasanae 3amxnymae muocmea, S=[A, B] —
Haumenuvl aopizax, aki smauwuae F. Taovt maroub mecuya nacmynnoia
CUBAPOIHCIHHI.

Kani nynkm Xq 3’aynsaeyua azyibHolm KAHYOM 08X 0A0AMKOBbIX IHMIPEANQAy
mnocmea F, mo Xq 3’aynaeyua izanasanvim nynkmam muocmea F.

Kani nynkm X, 3’aynaeuua Kanyom aopizka S i a0Ha4acoea 3’aynaeuia Kanyom
aonazo 3 0adamikoewlx inmapeanay muocmea F, mo X, — izanseanvt nynkm
muocmea F.
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Yce inwvia nynkmot mnocmea F ne 3’aynawoyuya izanseanvimi nynkmami 2ama-
2a MHOCImGd.

JOKA3. llpaynziBacup cuBspmxdHHLY 11 2 BigaBouHas. [lakaxkam npayaziBacip
CIBAPDKIHHS 3.

CussippkoHHe 3 Oy/A3€ JaKa3aHbIM, Kalli MBI JaKa)aM, IITO KOKHBI 13aJISTBAHBI
MYHKT MHOCTBa F 3’sy71se1111a MyHKTaMm, sIKi articaHbl 11l § CUBsApK3HHI 1, 111 ¥ ciBsipa-
YKHHI 2.

Hsxaii Xo — 13ansiBaHbl MyHKT MHOCTBa F, mpbrubim Taki, mto A<X,<B. [lakaxam,
HITO I3THI MYHKT 3 AYJsiea MyHKTaM, SIK1 aricaHbl Y CUBSAPIXKIHHI 1.

3rojiHa 3 a3HaYdHHEM i3ajsIBaHara MmyHKTa icHye inTapBai (o, f), ski 3msirdae
IYHKT Xo, 1 ¥ SIKIM HsIMa MyHKTay MHOCTBa F. 3pasymena, mro (o, Ac[A, B]. Taxsrl
iaTIpBal (Xo, ) 3yciM He 3MmsIIyac MyHKTay MHOCTBA F, Tamy (Xo, £)=CsF.

[TaBoute iembl 1 icHye Taki AamaTKoBbI iHTIpBa (4, ) MHOCTBa F, siKi 3Msmyae ¥

csi0e inTIpBai (Xo, f).

Haxaxam, mTo A=Xq. HapoyHacie A<Xq 3’syiseriia HemMardbimaii, 6o ¥
aJIBApPOTHBIM BBIMAAKY MBI O Meli, mTo Xo& F. HapoyHacie A>X, Takcama
3’syIIsgena HeMaraybiMai, 00 I3Ta CymsapaubIib TaMmy, mTo (Xo, A(4, ). Takim
YbIHAM, 3acTaera A=Xg, I. 3H. Xg 3’ SyJIsela KaHI[OM aJTHaro 3 1aJIaTKOBBIX
1HTIpBajay MHOCTBA F. AHanariuHa nakasBaelila, mro Xg 3’ ayaseria npaBbiM
KaHIIOM ajlaHaro 3 JaJaTKOBBIX 1HTApBasay MHOCTBa F. MBI nakazani, mro y
pasriIsIaeMbIM BBITIAIKY TTYHKT Xo 3’ SIYJISCIIIa MyHKTaM, SIKi aricaHbl ¥ CIBSIP/I-
»oHHI 1.

Hsixait Xo — 13assBaHbl MyHKT MHOCTBa F, mpbIubIM Taki, mto Xo=A abo Xy=B.
Tanpl aHamariyHbpIM YbIHAM MOYKHA JlaKa3allb, IITO Xg 3’ AYIIsSela MyHKTaM, Kl
amicaHbl ¥ CUBSIPKIHHI 2.

TIAPIMA. /Iwooe nenycmoe adomerxcasanae oackananae munocmea P écup ui
aopi3ax, yi ampeimaieaeyua 3 HeKamopaza aopI3Ka 6bIKIOBAHHEM KAHEUHA
a00 31140Hall CyKynHacyi iIHmapeanay, AKiaA napami He nepacaKaruyya i He
Maroub a2y1bHblX NYHKMAay Hi a03in 3 Opy2im, Hi 3 3bIXO0OHBIM AOPIZKAM.

JT060e mnocmea, aKoe ampoimMana 22mviM cnocadam, 3’ayaaeuua 0acKaHaibim.

J[OKA3. Tlepmas yacTka T3ap3Mbl BbIHIKAe 3 Tap3Mbl 7 aparpada 3.1 1
JaKa3aHau BBIIIDY JIEMBI 2.
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Jlpyras yacTka BbIHIKae 3 3ayBari 3 maparpacda 3.1 i memsi 2.

I1. KantapaBbl MHocTBBI GO, PO

Pasrnenzim angpazak [0, 1]. [Tagzenim siro Ha TPl pOYHBIA YaCTKI ITyHKTaMi

Wl
Ww|N

BbIKTroubIM csipaTHI iHTpBaT (5 : g) . KoxHBI 3 3acTayIIbIXCst a/ipI3Kay

1 2 ) . ) .1 2.
0; g , 5; 1| Takcama naj3enimM Ha TPbI POYHBISI YACTKI MyHKTaM1 5, 5 1

7 : . 2 7 8 . :

—, — 1 BBIKIIFOYBIM CSP3JIHIS IHTApBaIbI | —, — |, | —, — |./Janei nagzemm Ha
9 9 9 9 9 9

TPBI POYHBIS YACTKI aAP33KI, KIS 3aCTANICS, 1 BBIKIIOUYBIM CSP3AHIS IHTIPBAJIbI.
Kaui ratel mparpe nparsreaib HeabMexaBaHa, TO ¥ BBIHIKY 3 aapa3ka [0, 1] BbIk-
JIOYBIM HEKaTOpae aakpeiTac MHOCTBA Gy, sikoe 3’ sAyisera ad’ sTHaHHEeM
3JIlY0Hara MHOCTBA 1HTApBaay:

oold DM 36 -

MHocTBa, sikoe 3acTaHela, abasHausiM pa3 Py. MHoCTBEI Gy 1 Py Ha3bIBaromia
KaHTapaBbIMI MHOCTBaMi. BBIByUBIM iX ynaciiBacii.

Kauni ckapeicTalls gakazanyro ¥ raTeiM naparpade teapamy, TO aTpbiMaem, mto Py
3’ysena JackaHajablM MHOCTBaM. AJI3HAYBIM, TO Po#dJ, 60 My Haexalb
KaHIIbl BBIKIJIBAEMBIX 1HTApBasIay 1 MyHKTHI 0, 1, T. 3H. HaJIeXKaIb MTyHKTHI

©|

2 7
1 9! 9!

|-

2
T

3
AnHak Py He BhIUApIIBacIIia rIThIMI ITYHKTaMI, SKIX 3JlY0HAae MHOCTBa. MokHa J1a-
Ka3allb, IITO Py Mae MaryTHaclib KaHTbIHYYyMa.

Takim ubiHam, Py Mae MaryTHacip C, I. 3H. 3MsIIII4ae CTOJIbKI MyHKTAY, KOJbKI 1
yBech anpazak [0, 1].

3 raThIM (paKTaMm I1iKaBa CynacTaBillb HACTYITHAE: CyMa JIay>KbIHb BBIKIJIBAE€MbBIX 1H-
TapBanay poyHas 1. Canpayabl, MaeM:
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AJ3HaYBIM STYS HACTYMHBI (haKT: MHOCTBA Py He 3MsIIyae HIBOAHAra iHTIpBaja.
3.3. Mepa aOmeskaBaHara aJKkpbiTara MHOCTBA

VY naazeHbIM 1 HACTYIIHBIM Haparpadax Mbl YBSA3EM MaHdllle Mepbl abMekaBaHara
aJKpbITara MHOCTBA.

A3HAYDHHE 1. Mepaii inTapBaina (@, b) Ha3biBaeria Ao gaybIHs, T. 3H. JIiK b-a.
Abasznausnne: m(a, b)=b-a.

BimaBouna, mrro m(a, b)>0.

JIEMA 1. Kani y inmapeane A smawiuaeyua kaneuHae MHOCMEa iHmM3peanay

01, Oy «..y O, AKIA RAPAMI He nReEpaAcCAKalOUUa, mo

imék <MA. (1)

k=1

JIOKA3. Haxait A=(a, b), a=(ay, by) (k=1, 2, ..., n). ByxzeM Jidbib, MTO IHTIPBATIBI O
paHyMapaBaHbl ¥ apajaKy HapaCTaHHS iX JIEBBIX KAHIOY, I. 3H.

A <ar<...<a.
Tane b<ags (k=1, 2, ..., n-1).

CkapbICcTaeM HACTYMHYIO YIacIiBacllb J1ayKbIHI IPAMEXKKY:
n

mA=>mj, +Q, (2)
k=1

n3e Q — cyma Jay KbIHb 3aCTayIIBIXCS apI3Kay:
Q=(a;-a)+(az—hy)+...+(b-by).
[MTaxonbki Q>0 (60 by<ay.1), To 3 poyHacti (2) arpeiMitiBaeM HsapoyHacb (1).

BBIHIK. Kai inTapBan A 3Msirdae 3iidoHae MHOCTBa iHTApBanay & (k=1, 2, 3,
...), SIKisl MapaMi He TepacsIKaroIa, TO
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> mg, <mA. 3)
k=1
JIOKA3. 3ronna 3 nemaii 1 nacisiioyHacib Y4aCTKOBBIX CyM pasriisajiaemara JajgarHara

umnpary Z Mo, aOMexaBaHa 3BEpXy, TaMy LI3par 3°syisiera 30exxHbM. Kani nepaii-
k=1

cmi ¥ HapoyHacti (1) ga giMiTy Ipbl N—>0, TO aTpbiMaeM HApoyHacIb (3).

A3HAYDHHE 2. Mepait mG HemnycTora abme)xaBaHara ajikpbitara MHOCTBa G
Ha3bIBaeIIla cyMa Mep YCixX ST0 CKIAIOBBIX 1HTIpBaay o

mG=) m§, .
k

n 0
IMan Zm&k MBI pazyMeeM ZmSk abo me)k . Kani G#J, To na a3HausHHi Ji-
k k=1 k=1
ypIM, mTo MG=0.
A3Ha4ybIM IpacLenIbis YIaciBaclil Mephl aIKpblTara MHOCTBA:
mG=0;
MG<+o0;
Kaii A — 1HTApBaI, sK1 3MsII4ae aakpbitae MHOCTBA G, To MG<MA.

sIKacCIIl MPBIKJIaTy pa3riea3iM KantapaBae MHOCTBA Gy 1 3HOIA3EM SITO Mepy.
aem:

T2APIMA 1. HaxauG,, G, — 0ea admexcasanvisn aokpvimuia muocment. Kani
GGy, mo MG <MGs.

JHOKA3. Haxaii & (I=1, 2, ...), Ac (k=1, 2, ...) — cKk1a10BBIsl IHTIPBAJIBI MHOCTBAY
G 1 G, agnaBeana. KoxkHBI 3 iHTIpBanay & 3MsIIYacIa ¥ aJHbIM 1 TOJIbKI aTHBIM
iHTIpBane A (maparpad 3.2, nema 1).

Aba3HaubiM TIpa3 Ay MHOCTBA THIX IHTIpBANIAY O, AKis 3MSIIIYAONIA ¥ HTIpBAIIS
Ax. Tampt Oyn3em Metib:
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mG=» m§ =>| > m§
i k \ 9jeA,
[TaBome meme 1 abo BBIHIKY 3 sie OyI3eM METlb:

Z m8i <MA.

5i GAk
AJICIOIIb BBIHIKAE, IIITO

mG1SZmAk )
k

r. 30. MG,<mG..

BBIHIK. Mepa aaxpeiTara abmeskaBanara MHOCTBa G €ciib HIXKHSS MsiKa Mep pas-
HACTAMHBIX aJKPBITHIX aOMEKaBaHbIX MHOCTBAY, sIKis 3Msmrdarons G.

HOKA3. GcG,; = mG=mG, = mG=inf{mG,}.

T2APIMA 2. Kani aokpvimae aomercasanae muocmea G 3’aynseuua ao’ao-
HAHHEeM KaHeuHall abo 31i40Hall CYKYRHACUT AOKPbIMBIX MHOCMEAY, AKIA
napami He nepacAKarnyua:

G=JG,, (4)
k
T0o MG=) mG, .
k

['sTas ynaciiBacups Mepbl Ha3bIBaellla MOYHAH aJIbITHIYHACLIO.

JIOKA3. Haxaii Sik (i=1, 2, ...) — ckiagoBbls iHTIpBaILl MHOCTBA Gy. [Takaxkam,
IITO KOXKHBI 3 iX 3’Ay/IelIa CKIa0BBIM iHTopBanaM MHOcTBa G. [Takombki &

<Gy, TO 6ikcG. 3acTaelia 1akasailb, IIITO KaHIbl IHTApBaja 8:‘ He Hanexaip G.

Msipkyem agBapoTHae. Hsixall, HanpbIkiaz, jJeBbl KaHell (a0a3Ha4YbIM STO Mpa3 LL)
1HTIpBajIa 8;‘ Hasexblb G. Tagel €H HaneKbILb IKOMY-HEOY13b MHOCTBY G,
a0’ ssqHaHHs (4). BimaBouna, mro K'#K. 3HaubIlb, MyHKT £/ HAJICXKBIIb aHAMY Ca

. o . k'
CKJIaJOBBIX 1HTOPBAJIAy MHOCTBA Gk’ - LE 8i’ .



52

AJICIONb MBI POOIM BBICHOBBI, IITO iHTAPBAJIBI &F i 8:‘, nepacskaronia. Tamy
MHOCTBBI Gy 1 G,, Takcama nepacskaronua. AJHaK I3Ta Cynsp34bllb YMOBE

TIAPIMBI.

TakiM yblHaM, MBI JIaKa3ali, IITO KOXHbI CKJIAIOBBI IHTIpBAJ 6ik MHOCcTBa Gy 3’5y

JIsieTia TakcaMa CKIIaJ0BhIM iHT3pBajgaM MHOCTBa G. [HakI Kaydsl, MHOCTBA
1HTIpBaIay

8¢ (i=1,2,...;k=1,2,...) (5)

€CIlb MHOCTBA CKJIAJI0BBIX 1HTApBasIay MHOCTBa G. AJI3HAYbIM, IITO YCE IITHIS
IHTApBaJIBI PO3HBIS, a TAKCaMa IITO 1HIIBIX CKJIAIOBBIX IHTAIpBajay y MHOCTBA G

HAMa (60 KOKHBI MyHKT MHOCTBA G HaJleKbIIb HekaTopamy O ). Tamy MHOCTBa (5)

€clib MHOCTBA YCIX CKJIQJIOBBIX IHTApBajay MHOCTBA G.

[{srep MbI MOXaM CKapbICTallb a3HAYIHHE MEPBI aJIKpbITara MHOCTBA. 3rojiHa 3 I'3-

TBHIM a3HaYPHHEM MaeM: MG = me)ik = Z meiik = ZmGk :
i i k

i, k k

Takim gybHaM, MG= ZmGk :
K

T2APIMA 3. Kani aokpvimae aomexncaseanae muocmea G 3’aynseuua ao’so-
HAHHEeM KaAHeuHall abo 31iU0Hall CYKYRHACUT AOKPbIMbIX MHOCMBAY:

G=JG,,
k

mo mGSZ mG, .
K

['3Tyto T@apamy npeiMeM 6e3 1oKasy.
3.4. Mepa abMmexaBaHara 3aMKHYTAra MHOCTBA

Hsixaii F — HekaTopae HemycToe abMexxaBaHae 3aMKHyTae MHOCTBa; S=[A, B] —
HaWMEHIIBI aJIpA3aK, K1 3MsIIIYae raTae MHOCTRA.

Bsinoma, mrro MuaoctBa CF 3°styimsieriiia ankpbIThiM (TIs17131 T2apamy 6 maparpada 3.1). V
HarspiyIHIM naparpadbl ObUTO YBe3eHa MaHAILE MEPhI TAKOra MHOCTBA. Y BSIZI3EM 3apa3
HaHsILIe Mephl 3aMKHyTara MHOcTBa F. ['3Ta Mo)kHa 3pabilh HACTYITHBIM YbIHAM.
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A3HAYDHHE 1. Mepaii mF HemmycTora abmMexaBaHara 3aMKHyTara MHOCTBa F
Has3pIBaera Jik mF=B-A-mCgF.

PHIKJIA/ 1. F=[a, b], S=[a, b], CsF=Y. mF=b-a.

PHIKJIA/] 2. F=[ay, bi]U[ay, bo]u...U[ay,, by]. Byasem migsib, mro aapaski mpa-
yMapaBaHbI ¥ IapaaKy HapacTaHHs JIEBBIX KaHIOY. Tambl b<ag., k=1, ..., n—-1.
JCI0JIb BBIHIKaAe, mto S=[a, by], CsF=(by, a5)u(b,, az)u...U(by 1, &). Tamy

CsF=(az—bq)+(as—hy)+...+(aby1).
JICIOJTb BBIHIKAE, IITO

F:(bn—al)—mCSF:bn—al—(az—bl)—(ag—bz)—. . .—(an—bn,l):(bl—a1)+(b2—a2)+. . .+(bn—
n)-

aKiM YblHaM, Mepa a0’ siAHaHHS KaHeYHal CYyKyMmHAcCIl aapa3Kay, AKis napami He
epacsKarola, poyHas cyMe AayKbIHb (Mep) TITHIX apaI3Kay.

'PHIKJIAJ] 3. Haxaii F=Py; — kaHTapaBae JlackaHajiac MHOCTBA. Taibl
=[O, 1], C3F=G().
aBOJIJIC a3HAUAHHS MEPhI 3aMKHyTara MHOCTBa MaeM, mrto MPy=1-mGy=1-1=0.

Takim ubiHam, MPy=0, T. 3H. KaHTapaBae JackaHaiae MHOCTBA Py Mmae mepy 0, a ma-
ryTHacIb C.

[Tapoiinzem Aa BBIBYYIHHS YIIaciiBacIsly Mepbl 3aMKHyTara MHOCTBA.

T2APIMA 1. Mepa abmesricasanaza 3amknymaza muocmea F 3’aynseuya neao-
MOYHauU:

mF2>0.

JIOKA3. 3ayBaxsiM, mto CsFc(A, B). Axcronb Ha najgcraBe TapaMmsel 1 maparpada
3.3 Oya3eM Melib:

mCsF<m(A, B),
r. 31. MCsF<B-A.
Apcrois 1 BeiHIKae, mto mF=B-A-mCsF>0.

JIEMA. Haxaii F — abmesrcasanae 3amMKHymae MHOCIEA, AK0e 3MAUYACUUA
y inmapeane A. Taowv
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mF=mA4—mC4F.

JIOKA3. 3ayBaxsiM, mto MHOCTBA CAF amkpeitae (CA\F=A\F=ANCF).
Hsxait A=(a, b), S=[A, B] — nHaiimeHIIbI anpa3ak, ski 3msmrdae F. Tabr
CAF=CsFUC,S.

MmuoctBa CsF 1 C,F 3’synsroriia ankpsIThIMi 1 Tapami He Tiepacskaromia. TaMmy ma
¥naciiBacIi aapIThIVHACI MEPBI Oya3eM MEIlb.

MC,F=mCsF+mC,S=mCsF+(A-a)+(b-B).
AJICI01b BBIHIKAE.
mC,F=(A-a)+(b—B)+mCsF=(b-a)-(B-A)+mCsF.
3 anomiHsi poyHacIli aTpbIMIIIBaeM, IITO
B-A-mCsF=b—a—mC,F,

r. 35. MF=mMA-mC,F.

T2APIMA 2. Haxaii F, i F, — 06a abmesricasanvla 3amMKHYMblA MHOCHGbL.
Kani F1CFZ, mo

mF;<mF,.

JIOKA3. Haxait A — iaTOpBa, ski 3msirdae F,. Taasl BigaBoyHa, IITO
CaF12C,F; (60 FicF).

AJcroib, CKapbeicTaylbl T3apamy 1 nmaparpada 3.3, aTpbIMiliBaeM, IITO
MCAF1>mC,F».

ATIONTHIOI HIPOYHACIH TAMHOXBIM Ha —1 1 Aaman3im 1a abea3BIOX YacTak aTphli-
MaHail HapoyHacui MA. bynzem melib:

MA-MCAF1<mA-mC,F».
AJICI0JIb Ha TIAJICTaBE JIEMbI aTPhIMAEM, IIITO mF,<mF,.

BbIHIK. Mepa aOMexaBaHara 3aMKHyTara MHOCTBa F €ciib BEpXHsIsl MsbKa Mep
pa3HacTalHbIX 3aMKHYTBIX MHOCTBAY, SIKisl 3Msiryatonna y F.
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T2APIMA 3. Haxaii F — 3amknymae mnocmea, a G — aoxkpseimae aomedrcasa-
nae mnocmea. Kani FcG, mo mF=<mG.

JIOKA3. Haxait A — iaTapBad, ski 3msmydae G. JIérka 3ayBabIlb, IITO
A=GUC\F. Axcronn BEIHIKAE:

MA<MG+mC,F (rnsa31 Trapamy 3 maparpada 3.3),

r. 35. MA-MC,F<mG.

Kaui ckapeicTalls iemMy, TO 3 anoIHANA HAPOYHACIIl BbIHIKAE, IIITO
mMF<mG.

T3APIMA 4. Mepa aokpvimaza aomexncasanaza muocmea G écub 6epxHan M-
JHca mep pazHACMAliHbIX 3AMKHYMbIX MHOCI8ay, AKia smawuarouyuya y G:

mG=sup{mF}.

FcG
JIOKA3. bynzeM KapbIcTalllla a3Ha4 HHEM BEPXHSIH MSIKBI.
3 T™apamel 3 BeIHIKae, mto MG abmskoyBae MHOCTBa {MF} 3BepXy.

Jakaxxam, mTo [uist iro0ora JajgaTHara Jiky € 1ICHye Takoe 3aMKHYTae MHOCTBA
FocG, nns sikora BEIKOHBAEIIIA HAPOYHACIh

mFe>mG-e&.
Tanel T2apsoma Oya3e nakazaHail.

Jakaxam cussipukonHe 2. Haxait ckimagoBelist iHTapBaasl MHOCTBa G éctib (A, f4)
(k=1, 2, ...). 3romHa 3 a3HAYDPHHEM MEPHI 3JAKPhITara MHOCTBA MacM:

mG:Z(Hk i)
2
Bosbmem anBoinbHbI Jik £>0. 3Hoi13eM Taki Hymap N, kabd
$ €
Z(Hk‘xk)>mG__- 1)
i 2
Taxi Hymap N Mbl MOKaM 3HaMCII1, KaJli CKapbICTaeM a3HaudHHE CyMBI LI3pary

Z(uk —A,) 1¥miubM, mto ratas cyma poyHast MG (limS, =mG. Tagsr V>0,
k1

n—oo
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3N, Vn>N = |Sn—mG|<§, T. 3H. —g <S,-mG< % AJICIOJIb BBIHIKAE, IIITO

N €
S, :Z(Mk M) >mG _E)
=

3arem s kokHara K (k=1, 2, ..., n) 3HOII3eM TaKi aapas3ax [, k], kab
: 3

[ow, Bd=(Ak, 14 1 mLaw, BI>m(Ay, /Jk)_% : (2)

Mspkyem

F= LnJ[OCk’ Bil-

3pa3zymena, mTo MHOCTBA Fq 3 syserniiia 3aMkHyThIM 1 FoG. Ckaprictayisr (1) 1 (2)
aTPBIMITIBAEM

n n
€
mF, = Z(Bk — 0y ) > Z(Hk —M)——>mG-¢.
k=1 k=1 2
Takim ubrHaM, a5t ro6ora Jiky €0 Mbl TadyaBalii Takoe 3aMKHyTae MHOCTBA
FocG, mro mF>mG—¢.

CussippxdHHE 2 1aKasaii, a pa3aM 3 1M JaKaszaii 1 T2 apIMmy.

T2APIMA 5. Mepa 3amknymacza abmexncasanaza muocmea F écuyv nHixycnan
MANCA MeP PAZHACMATIHBIX AOKPLIMBIX AOMENHCABAHBIX MHOCMBAY, AKIA
amamuaroyb muocmea F: mF= iFn1:3{mG}.

D

JIOKA3. Bynzem kapbIcTalilla a3HaY3HHEM HIXKHSH MSDKBI, T. 3H. JIiK A aOMspKoyBae
naa3eHae MHOCTBa E 3Hi3y, kai:

VXekE = X2A;

V>0, IXgeE = Xxo<A+e.

Pasriie3imM pazHacTaliHbISA aKPbIThIA aOMeKaBaHbIsl MHOCTBBI G, siKist 3MsIrdarons F.
3 Tapamel 3 BeIHIKaE, MTO JiK MF abMspkoyBae MHOCTBa {MG} 3HI3Y:

FcG = mF<mG.

Haxaxxam, mmro 1711 irooora £>0 icHye abMekaBaHae aikpbiTae MHOCTBa GyoF, 11T
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MGo<mF+e.
Tansl T2 apsMa 6y113e nakaszaHail. TakiM ybIHaM, JaKakaM CUBSIpIKOHHE 2.

3 raTaii MaTail Bo3bMeM 1HTIpBAI A, siki 3Msirdae F 1 agkpsitae MHOCTBa CAF
(raTae MHOCTBa anikpeiTae, 60 CAF=ANCF). SkiM Hi 661 ObI JiK £>0, MBI MOXaM
3rojiHa 3 TPapaMaii 4 3HaicIll Takoe 3aMKHyTae MHOCTBa FocCAF, mTo

mFy>mC,F—¢. (3)

Mspkyem: Go=C,Fo. JI€rka yoauslip, mro Gy Ecip aakpeiTae MHOCTBA 1 GoDOF
(FocCAF = CAFg>CLCAF, 1. 30. GOF).

AKkpams raTara, Maem, IITo
MGo=MA-MF;<MA-MC,F+e=mF+¢,
r. 3H5. MGo<mF+e¢.

TakiM ubIHaM, U1 I0OOTa JajaTHAra JIIKy £ Mbl ma0y/1aBaji Takoe aaKphITae
abMexaBaHae MHOCTBa GyDF, mto

MGo<mF+e.
CussippxdHHE 2 MBI J1Takasalli, a pa3am 3 1M J1aKaszaii 1 T2apaMmy.

T2APIMA 6. Haxait abmesrcasanae 3amknymae muocmea F écuv ao’aonanne
KaHeuyHail CyKynHAcyi 3aMKHYMbIX MHOCI6AY, AKIA Rapami He nepacaKarnyya:

F:LnJFk,

k=1
n
maowvt MF= Z mFE, .
k=1

3.5. BoukaBbld i yHyTpPaHbIsi Mepbl A0MeKaBaHATa MHOCTBA

A3BHAUYDHHE 1. Bonkapaii Mepaii m"E abMexaBaHara MHOCTBA E Ha3bIBaera
HIKHSIS MsDKa Mep pa3HaCTalHBIX aJKPBITHIX A0MeKaBaHbIX MHOCTBAY, SIKis
3MSIIYaob MHOCTBA E.

Taxim ubtHam, mE= énf{mG}. A3HaYBIM, IIITO JIJIS KOJKHAra abMe)kaBaHara
] =

MHOCTBa E icHye BoHkaBas Mepa, npbrabiM 0<m E<+oo,
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A3HAYDHHE 2. VayTtpanaii mepait m.E aOmexaBanara MHoctBa E Ha3bpIBaera
BEPXHSAA MsKa MEp Pa3HACTAMHBIX 3aMKHYTBIX MHOCTBAY, SIKis 3MSIIIIYAIONIa ¥
MHOCTBE E.

m.E=sup{mF}.

FcE

AJ3HAUbIM, IITO JJIs KOXKHAra abMekaBaHara MHOCTBA ICHYe YHyTpaHasi Mepa,
PBIYBIM

0<m.E<+oo.
T3APIMA 1. Kani G écub aokpvimae abmedrcasanae MHOCMEaA, mo
m’G=m.G=mG.

['sTas Teapama arpeiMiliBaella 3 BBIHIKY Tapa3Mbl 1 maparpada 3.3 1 Taapamsl 4
naparpada 3.4.

T3APIMA 2. Kani F — 3amknymae aomesrncasanae MHOCMEa, mo
m F=m.F=mF.
['aTas Teapama aTpeIMITiBaeIlla 3 BBIHIKY TIApPIMBI 2 1 T9apaMbl 5 naparpada 3.4.

TIAPIMA 3. /[na koxcnaza aomedricasanaza muocmea E mae mecua
HAPOYHACYUD

m.E<m’E.

J[OKA3. Haxaii G — aOMexaBaHae aJkpbITae MHOCTBa, sikoe 3msirdae E: ECG.
Sxim Hi 6bU10 6 3aMKHYTae maAMHOCTBA F MHOCTBa E Oyazem mens: FCG.

Ancronb, maBozie TPapaMbl 3 maparpada 3.4 BeiHiKae, mro MFSMG, ankyns
aTpBIMIIIBAEM, IITO

m.E<mG.

ATmomHss HIpOYHACIh Mae Meciia i Jirobora afgkpeiTara MHOCTBa G, sIKkoe 3MSIII-
yae MHOCTBA E. AJicionb BBIHIKAE, IITO

m.E<m’E.
TIAPIMA 4. Haxau A i B — aomesrncasanvisi mnocment. Kani AcB, mo

m.A<m.B,
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m*A<m’B.

J[OKA3. Hsxaii S — MHOCTBa Mep pa3HacTalHbIX 3aMKHYThIX MHOCTBAY, sIKis
3MsIIIYaronia y MHOCTBE A, a T — MHOCTBa Mep pa3HaCTalHbIX 3aMKHYTBIX
MHOCTBAY, sIKis 3MsiIrdaromna ¥ Muoctse B. Taabl

m.A=sups,
m.B=supT.

Hsxait F — 3amkHyTae maaMHOCTBa MHOCTBa A, TaJbl SHO Oya3e 1 MaJIMHOCTBAM
MmHocTBa B. Tagsl MaeMm, HITO

ScT.

AJICIOINb BBIHIKAE, IIITO
supS<supT,

r. 31. M.A<m.B.

Amnanariuyga Jjaka3Baeliiia, mro
m“A<m’B.

T2APIMA 5. Haxait E — abmesrrcasanae mnocmea, A — axi-nedyosn
IHm3apea, AKi 3mamuae 2amae muocmea. Taowvl

m’E+m.C E=m4.
JIOKA3. Pasrnen3im muoctBa C,E. 3rogna 3 asHausHHEM 2 MaeM:

m.C,E= sup {mF}.

FcC,AE

[TaBojy1e a3HAUYIHHS BEPXHSNM MSDKBI JIIKaBara MHOCTBA JIJIs1 JTro0ora jiky £>0 icHye
TaKOe 3aMKHyTa¢ MHOCTBa

FcCAE, (1)
mTo

Pasrnemn3im muoctBa G=C,F. fIHO 3’syse11ia aikpheIThIM, akpamsi F3Tara Ha rnajicraBe
(1) EcG (CAFoCA(CAE) = GoE).
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AJcroIb, cKapbicTayibl a3HaudHHE 1, 1emy maparpada 3.4 1 HapoyHacus (2), Oy-
J13€M MeEIIb:

m E<mG=mA-mF<mA-m.C,E+z¢,
r. 31. M E+m.C,E<mA+e.

3 amonHsAN HAPOYHACII, TAKOJIbKI TaTaTHBI JIIK £ 3 SyIselia aaBoIbHBIM,
BBIHIKAE!

m E+m.C,E<mA. (3)

MoskHa naka3allb Takcama mpaya3iBacilh mpaiiieriiai HIpoyHactii:
m’E+m.C,E>mA. (4)

3 mapoyHacii (3) i (4) BbIHIKAE, IIITO

m°E+m.C,E=mA. (5)

BBIHIK. m"C,E-m.C,E = m"E — m.E.

JIOKA3. 3roaHa 3 TeapaMail 5 maem:

m‘E+m.C,E=mA.

Kani 3msHi1b y raThIM MHOCTBE pouti MHOCTBAY E 1 CAE, To aTphimaem:
m"C,E+m.E=mA.

AJictonb 13 poyHaciii (5) BeIHIKae HaCTYIMHAs! POYHACIIb:
m*C,E-m.C,E=m"E-m.E.

3.6. BbiMepHBIA MHOCTBBI

Hsxait E — abmexaBaHae afBojibHae MHOCTBA. Y mamsipdIHIM naparpade Mol fa-
KazaJi, IITO

m.E<m’E.
A3BHAYIHHE. AbMmexxaBanae MHOCTBA E Ha3bIBaelllia BBIMEPHBIM, Kajli
m.E=m’E.

[IpeI raTHIM arysibHae 3HaudHHE YHyTpaHai 1 BOHKaBaii Mmep MHOCTBa E
Ha3bIBaeIIlla Mepail Jaj3eHara MHOCTBa 1 aba3Hauaena mnpa3 mE.
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TakiM 4bIHaM,
mE= m.E=m"E.

['3TBI MeTa]] BBI3HAYIHHS MEpBI HAICKBIIL (PpaHIly3ckaMmy MaTaMathiKy Jlebery.
VY cyBsi3i 3 I'ITHIM BEIMEPHBISI MHOCTBBI Ha3bIBAIOIh TaAKCaMa MHOCTBAMI,
BbIMepHBIMI 1a JleOery.

TOAPOMA 1. AnxpeiTae abMexaBaHae MHOCTBA 3’ sIyJIsiellia BBIMEpHBIM. Sro Me-
pa cymnajae 3 Mepaii, BpI3HauaHai y rnaparpade 3.3.

['aTas T@apama BeIHIKae 3 TPapaMbI 1 maparpada 3.5.

TOAPDOMA 2. 3amkHyTae aOMekaBaHae MHOCTBA 3’ sIyJisielilia BBIMEpHBIM. STro
Mepa cylajiae 3 Mepai, BbI3HauaHal y naparpade 3.4.

['aTas Trap3ama BbIHIKaE 3 TPapAMbI 2 maparpada 3.5.

T3AP3MA 3. Haxaii E — abmesricasanae mnocmea, akoe smawmvaeuya y ix-
mapeane A. Taovt mnocment E i CE 6yoyusb aonauacosa evimepuvimi avo ne.

VY mpayaziBaciii TeapaMbl 3 I€rka nepaxkaHaliiia npbl JaraMo3e BBIHIKY 3 TapIMbl
5 mansipaaHsra naparpada.

CdapmynroeM 6e3 10Ka3y A3BE HACTYIHBIS TIAPIMBI.

T2APIMA 4. Kani abmesrncasanae mnocmea E 3’aynseuua ao’sonannem kaneu-

Hail ado 3140Hall CYKYRHACUL 8bIMEPHBIX MHocmeay E = U E, , axia napami ne
k

nepacakawouua, mo muocmea E 3’aynaeyua evimepuvim, i

mE = > mE, .
k

['aTas ynacuiBaciib Ha3bIBaeIla MOYHAN aAbITHIYHACIIO MEPHI.

TOAPOMA 5. AG’siiHaHHE KaHEYHaM CyKyMHAcCIl BBIMEPHBIX MHOCTBAY ECIb
MHOCTBa BBIMEPHOE.

TIAPIMA 6. Ilepacauinne kaneunai cyKynHacuyi 6bIMePHbIX MHOCMEA) écub
MHOCmEa ebiMepHae.

n
JIOKA3. Haxait E = ﬂ E, , a3e Ex — BbIMEpHBIS MHOCTBBI.
k=1
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Pasrien3im ski-HeOyA3b IHTIpBAI A, K1 3MsIT4ae yce MHOCTBHI Ey. 3ayBaxbiMm,
IITO

C.E=[JC,E,.
[Takonbki Yce MHOCTBBI Ey 3’stymstioniiia BBIMEpHBIMI, Ha TIa/ICTaBE TIAPIMBI 3 BbI-

MepHBIMI Oyay1b 1 Yce MHOCTBBI CAEy.

AJCIONIB 1 3 MaNAPAAHSAN POYHACIII MTABOJIE TIAPIMBI 5 aTPBIMIIIBAaEM, IITO BEIMEP-
HbIM 3’ ayisienia 1 MHocTBa CAE. Llsinmep, ckapbicTayuisl Toapsmy 3, MaeM, IITO
MHOCTBa E Takcama 3’siyserniia BBIMEPHbBIM.

T3APIMA 7. Po3nacuw evimepuvlx muocmeay E, i E;, écyv evimepnae
muocmea. Ilpvruvim, kani E;SF; , mo

m(El\Eg):m E1 - mEz.

JIOKA3. Haxaii E = E{\E,, A — inTopBau, ski 3msmryace E; 1 E;. BigaBouna, mro

E=E10CAE2.
AJCI0ITb, Kalll CKaphICTallh TAapaMy 6, aTpbiMaeM, To E — BeIMEepHae MHOCTBA.

Hsxait MmHOCTBA E; 3Msiiiiuae mHOcTBa Ey. Tansl E;=EUE,. Anctomns, ckapbicTayuibl
T3apamy 4, Maem:

ME;=mE+mE,,

r. 3H. ME=mE;—mE,,

r. 3. M(E;\E;)=mE;—mE,.

T2APIMA 8. Kani abmesrncasanae mnocmea E 3’aynaeuya ao’aonannem 3nivo-

Hau cykynnacui 6biMeEPHbBIX Muocmea)?, mo E — eéblmeprnae mMmHocmea.

J[OKA3. 3rogna 3 ymoBai E = U E, , a3e Ex — BbIMEpHBIS MHOCTBBI.
k=1

Pa3FJIC,Z[3iM HaCTYITHbIA MHOCTBBI:
A=E;,
A2:E2\E1,
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o0
Jlérka 3ayBaxbIp, mTo E = UAk . [TakosibKi MHOCTBBI Ay 3’y IIsI0111a
k=1

BBIMEPHBIMI (IJI. T2apaMy 7) 1 mapami He IepacsKarola, T0, CKapbICTayIIIbI
TIapaMy 4, aTpeIMIIiBaeM, mrTo E — BeIMEpHae MHOCTBA.

3AVBAT A. AGMexaBaHacIb MHOCTBA E 3’sy1senua icToTHait yMoBait.
IIPBIKJIAJ] 1. Muoctel E=[0, K] (k =1, 2, ...) 3’stymsiro1111a BBIMEPHBIMI, aJHAK

U E,=[0, +o] — HeBBIMepHae MHOCTBa, 60 MHOCTBa [0, +o0] He 3’sysenna
k=1

abMe)kaBaHBIM.
TOAPOMA 9. TlepacsiusHHe 37190HAN CYKYITHACI] BRIMEPHBIX MHOCTBAY OY/I3€ BbI-

MCPHBIM MHOCTBAaM.

o0
JIOKA3. 3roana 3 ymoBait E = ﬂ E, , a3e Ex — BeIMepHBI MHOCTBEI. BiaBouHa,
k=1
mto E — aOMerxaBaHae MHOCTBaA.
Pasrien3iM anBosbHBI IHTIpBA A, siki 3Msiiyae MHOCTBa E: ADE. Bsoma, mto
0 0
C.(E.={JC.E\.
k=1 k=1
TakiM yblHaM, cIipaBa 3BO3IIIIIA J1a BBIKAPBICTAHHS TIAPAMBI 3 1 TPAPAIMBI 8.

Pasrnen3im npeikiaapl HEKATOPHIX BEIMEPHBIX MHOCTBAY.

'PBIKJIA/] 2. ITycToe MHOCTBA 3’syJigeliia BeIMepHbIM. Sro mepa poyHas 0:
=0.

KaprCTaCMCH TOM aKanquacu}o, mTo J — raTa AJIKpBITAC abMe)kaBaHae MHOCTBA.

'PHIKJIA/] 3. MuocTBa E={a}, sixoe ckitanaeniia 3 agHaro 3JieMeHTa, 3’ yJisieria
BIMEPHBIM 1 ITO MEpa poyHasi HyJIO.
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s mHocTBa E={@} MoxHa mabGynaBaip agkpeiTaec MHOCTBA G, sIKOE 3MsIIIuac
MHoOcTBa E (iHT3pBan (a—%, a+%)), KOJIbK1 TTaXkajiaHa Majiol Mepel. Tamy
m*E=inf{mG}=0.

GoE
[TakoJbKi
0<m.E<m’E,
to M.E=0.
TakiM 9bIHAM,
m.E=m"E=0,
a raTa i CBeqYbIb ad ThIM, MTO E — BhIMepHae MHOCTBA, a ME=0.
TIPBIKJIA/] 4. Kaneunae MHOCTBA E 3’s1y1s€1111a BRIMEPHBIM, 2 Mepa SIr0 pOyHas HYJIFO.
Maewm, mro E={Xy, Xy, ..., Xo} — KaHeuHae MHOCTBA. Pa3riea3iM MHOCTBEI
Ex={X«}, sKxis mapami He mepacskaroiia. 3ayBaxxpiM, mTo E = LnJ E, . Haneit

k=1

KapbICcTaemcs pblkiagaM 3 1 Taapamaii 4.

IIPBIKJIA/] 5. 3ntyoHae abMmexxkaBaHae MHOCTBa E 3’sysieniia BeiMepHbIM. SIro Mepa

poyHas HYJIIO.

Hamzena, mro E={Xy, X, ..., X, ...} — 3714oHae abMekaBaHae MHOCTBA. Pa3rire-
[c¢]

13iM MHOCTBBI E={X,}. STHBI mapami He nepacskaromia. 3ayBaxbIM, To E = U E,.
k=1

Jlaneii kappicTaeMcs IPBIKIaaaM 3 1 TapIMaii 4.

ITPBIKJIAJ] 6. MHOCTBa YCix palblsHAIBHBIX MyHKTaY aapaska [a, b] 3 synsera
BBIMEPHBIM. fIT0 Mepa poyHas HyJIO.

Kab nmepakanaiiia ¥ mpaya3iBaciii ratara CuBsipIKdHHS, JaCTaTKOBA CKAPBICTAIIb
TaISIPI/THI MPBIKIIA.

IIPBIKJIA/] 7. MuocTBa E ycix ipalbIsHaIbHBIX YHKTAY aapaska [a, b]
3’siysienia BeIMepHbIM. SIro mepa poyHas b — a.

Pasrnensim nagatak MuoctBa E na anpaska [a, b]: Cp, E.



65

Cia, p)E — r9Ta MHOCTBa CiX palbITHAIBHBIX MIYHKTAY aapa3ska [a, b]. ['atae
MHOCTBA 3’sTyJIsiellla BBIMEPHBIM, MEpa SIT0 POYHAs HYJIIO.

Haneit, yniusarousl, mro E=[a, b\C(, E, 1 ckapsicTaymms! T2apamy 7,
aTpeIMiIiBaeM, mTo E — BeIMepHae MHOCTBa, a ME=b — a.

3.7. BeiMepHbIsi QyHKUbII

ABHAUYDHHE 1. ®yukupis f, 3agan3enas Ha MHocTBe E, Ha3pIBaelila BHIMEPHOIA,
KaJll BRBIKOHBAIOIII1a HACTYITHBIS J13B€ YMOBHI:

MHOCTBa E — BBIMCPHAC,

11 iro0ora Jiiky A BeiMepHBIM Oy13e MHOcTBa E(f(X)>A), skoe ckimagaenia 3 ThIX
NyHKTay MHOCTBa E, /y1s sikix Mae mecia HsapoyHacis f(X)>A.

BriMepHyto (yHKIIBIIO Ha3bIBalOlb Takcama (QyHKIIbISH, BRIMEepHaii ra Jlebery.

BbIBy4bIM HEKATOPBIS YIACUIBACI BBIMEPHBIX (DYHKIIBIN, & TaAKCaMa pasriea3iMm
HPBIKJIAJIbI I3THIX (QYHKIIBIN.

TOAPOMA 1. JIro6as dhyHKIbIA, 3a1aA3€Hast HA MHOCTBE MEPbI HyJIb, 3’ SIyJIsielIla
BBIMEPHA.

[Ipayn3iBacup TPap3Mbl BiJaBOYHAS.

BBIHIK. JIro0as QpyHKIbIs, 3a1a13€Has HA KAHEYHBIM a00 31140OHbIM abMeKaBa-
HBIM MHOCTBE, 3’ IyJIsI€11a BBIMEPHAI.

T2APIOMA 2. Kani ¢pynxuwia f 3’aynseuua evimepnait na muocmee E, mo sana
0y03e evimepHail makcama i Ha a100bIM 120 8bIMEPHBIM naomuocmee H.

JHOKA3. 1ns moOora niky A Mae Meclia poyHacib
H(f(x)>A)=HNE(f(x)>A),
3 KO 1 BBIHIKAE TIPAY31BaCIlhb TIAPIMBI.

T2APIMA 3. Kani ¢hpynuxuvia f(X)=c (C — pauaicnot 1ix) 3a0adzena na esimep-
Hblm mHocmee E, mo daozenaa gpynkuvia 6yoze evimepnail.

JIOKA3. Hsaxaii A<c, tagel MuocTBa E(f(X)>A)=E Oyza3e BoIMEpHBIM, IIITO 1 CBEJI-
YbIlb a0 BEIMEPHACII] (PYHKIIBII.

Kani A>c, to E(f(X)>A)=O, r. 3H. 3’sysienia BBIMEpHBIM, Tamy GyHKIbIS f(X)=C
OyJ13¢ BEIMEpHAaH.
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'PHIKJIA/] 1. Pasrnen3im ¢pyHKIbBIIO JbIpBIXiTe:

f (X)—{l’ Kajal X — pambisHaIbHBI IMyHKT aapaska [0, 1];

0, kam X — ipaubisiHAIBHBI MyHKT azapa3ka [0, 1].
['aas GyHKIpI 3a1313¢Ha Ha aapasky [0, 1]. dakakam, 1o siHa 3’syiiseria BhIMEpPHAL.
Anpa3zak [0, 1] — BeIMEpHae MHOCTBA.
3acraJiocs Aakasarlb, mTo Jyis jrooora Jiky A maocta E(f(X)>A) Oyn3e BBIMEpHBIM.
Kani A<0, To muoctBa E(f(x)>A)=[0, 1] — BeIMepHae.

Kani 0<A<1, to mHoctBa E(f(X)>A) — rata MHOCTBA pallbISTHAILHBIX ITyHKTAY
anpaska [0, 1]. AHo 3’gynsenna BEIMEPHBIM.

Kani A>1, To muaoctBa E(f(X)>A)=C — BhIMepHae.

T2APIMA 4. Kani ¢pynkuwia f 3°aynaeuua evimepnait na mnocmee E, mo onn
10002a Ky A evimepnbimi 0yO0yub HACHYNHBIA MHOCHIBBL:

E(f>A), E(f=A), E(f<A), E(f<A).

JIOKA3. Pasriensim maoctBa E(f>A). SIro MoykHa 3armicalib Y HACTYITHBIM BBITJISI3C:
= 1

E(f>A)=) E(f > A ——j .
k-1 k

[Makomnbki ¢pyHKIbIs f(X) — BeIMEpHas, TO MpbI I0OBIM K Oy Ty1lb BEIMEPHBIMI

1 . .
MHOCTBBI E (f >A- ) Jlaneit kappicTaeMcsl T2apaMail mpa nepacsiudHHe

BBIMEPHBIX MHOCTBAY (T2apamMa 9 nmaparpada 3.6). Bermepuacips MuocTBa E(f>A)
JlaKa3ai.

BriMepHacIp acTaTHIX MHOCTBAY BBIHIKAE 3 HACTYITHBIX POYHACIISY:
E(f=A)=E(f=A)\E(f>A),

E(f<A)=E\E(f>A),

E(f<A)=E(f<A)\E(f=A).

BAYBATA. Kai 15 nmto6ora Jiiky A BBIMEpHBIM Oyz3€ IPIHAMCI aHO 3
HACTYITHBIX MHOCTBAY:
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E(f>A), E(f<A), E(f<A),
To pyHukubs f Oya3e BeiMepHait Ha MHOCTBE E.

Bbynzem kapeicTaliiia BiJaBoyHal poyHACITIO
* 1

E(f>A)= J E(f > A +E) :
k=1

Kani st mro6ora iy A BEIMEpHBIM 3’ stymsieriiia MHOcTBa E(f>A), To BeIMepHBIMI

> s 1
3’y srona Takcama MHOCTBEL E| f > A +E :

CkapbIcTay1ibl T3ap3My npa ad’siAHaHe BBIMEPHBIX MHOCTBAY (T?apaMa 8 maparpa-
¢a 3.6), atpeimitiBaem, mto MHOCTBa E(f>A) — BeIMepHae mns mobora A. ACionb
BBIHIKA€, IITO Jaf3eHas (PYHKIbIS 3’ syJIsella BbIMepHail Ha MHOCTBE E.

AHaJiariyHa Jlaka3Baroliliia acTaTHis CIBIPKIHHI.

BBICHOBBI. 3 T3apamel 4 1 3ayBari BbIHIKae, IITO ¥ a3HaYSHHI BEIMEPHAA
¢yHkubI 3amect MHOCTBa E(f>A) MokHa pa3risaanb aaHO 3 MHOCTBAY:

E(f2A), E(f<A), E(f<A).

T2APIMA 5. Kani ¢pynkuwia f nenapviynas na 3amxuymoim aomeirncasanvbim
mHuocmee F, mo ana 6yo3e evimepuail na 2amovim MHOCHIGeE.

J[OKA3. [1a-tiepiiae, 3ayBakpIM, IITO MHOCTBA F — BbhIMepHae (TJ1. Teapamy 2 na-
parpada 3.6). 3acTaera gaka3aib, IITO JUIs JIF0OO0Ta JIIKY A BBIMEPHBIM
3’siynserna maoctea F(f>A). lakaxawm, mto mHocTBa F(f>A) — 3amkHyTae, a
TaMmy 1 BBIMEpHae.

Hsixaii £ — aaBoJibHBI JTIMITaBBI MyHKT Jgacieayemara MmHocTBa F(f>A). Tpa0a na-
Kasailp, mrto SeF(f>A).

3pasymena, mro £eF, 60 F(f>A)cF, i MuoctBa F — 3amkHyTae. Ham HeabxomHa
nakasaip, mro £eF(f>A).

Msipkyem agBapoTrae, mto SgF(f>A), 1. 3n. f(£)<A. ITakonbki Qynkisis f Hena-
pbiyHas ¥ myskie S€F, To mst miky e=A—f(£)>0 3Hoiim3erma taki ik >0, mro s
TrOOBIX TyHKTAY X€F, siKis 3a1aBaIbHSAIONb YMOBE |X—&|<J, BBIKOHBaAEIIIA
HApPOYHACIb

[fO)-f(Sl<e.
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ATIONTHSS HAPOYHACIh payHa3HAYHAS HAPOYHACIII
f(Q)—e<t(x)<f()+e,
r. 3. HapoyHacti f(&)—(A—(&))<f(X)<f(&)+(A—1(E)).

AJCIOJTb BBIHIKAE, IITO JUIA YCix XEF, gKis 3amaBaibHSIIONG YMOBE [X—&|<O, BBIKOH-
Baella Hsapoynacip f(X)<A.

Takim ubHaM, f(X)<A ms Ycix X 3 MHOCTBA F, sIKis Haexxalh o-HaBaKOJLTIO ITYHKTA .
Tamy rata o-HaBakoJuie MyHKTa & He 3MsII4ae myHkTay MHocTBa F(f>A). Ancronb
BBIHIKAE, IITO MyHKT & HE 3’ sIYJIseIla JTiMiTaBbIM ITyHKTaM MHOcTBa F(f>A).
ATpbIMaHas CyIsip3uHacib i JJaka3Bae TIapIMy.

T2APIMA 6. Haxai pynkuwia f 3a0a03ena na aomescasanvim mnocmee E,
sAKoe 3’ayaenua ao’a0HanHeM KaHeuHail abo 31iuoHail cykynnacui mnocmeay Ey:

E= U E, . Kani ¢pynkuyvia f évimepnan na xosxcrnvim munocmee Ey, mo ana oyoze
k

évimepHail i Ha mHocmee E.

J[OKA3. Cnavatky ajfi3HaubIM, IITO MHOCTBA E 3’syndeniia BBIMEpHbIM SIK a0’ si/-
HaHHE KaHe4yHai a0o 3J11Y0Hall CyKyIHACIl BBIMEPHBIX MHOCTBAY. 3acTanocs
JaKasallb, IITO JIJIs JII000ra JiKy A BEIMEPHBIM 3’ styisieriiia MHocTBa E(f>A).

CkapbIcTaeM BIJIaBOYHYIO pOYHACIlb

E(f>A)= JE.(f > A).

[MTakosbKi BEIMEPHBIM 3’ styiisieniia KoxkHae 3 MHocTBay E((f>A) (60 ¢yHkibist f BbI-
MepHasi Ha KOKHBIM MHOCTBE Ey), TO BeIMepHBIM Oy/3€ 1 a0’ siTHaHHE TaKiX MHOCTBAY,
r. 3H. MHOCTBa E(f>A).

T2APIMA 7. Haxaii pynkusia f, 3a0a03enan na mnocmee E, 3’aynseuua eot-
mepnaii, a K— pauaicnot nik. Taowvl ebimeprvimi Oy0yub HACMynHbIA QYHKUDLL:

f(x)+k;
kf(x);
(eI
f2(x);
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1 (rpwr f(x)#0).

f(x)
JHOKA3. 1. BeimepHacub ¢yHKIbIi f(X)+K BeIHIKae 3 poyHacIi
E(f+k>A)=E(f>A—K).

2. Kani k=0, To kf(x)=0, Tamy pasriusgaemas ¢pyukupisa Kf(X) Oynse BeimepHaii
(r1. Tapamy 3). Kami k=0, To BeimepHacup ¢yHkibli Kf(X) BeiHIKae 3 poyHaci

E(f >%j, kaim K >0,
E(kf > A) =3

E(f <%j, kami K <O.

3. Beivepracis ¢ynkubii [f(X)| BeiHIKAE 3 poyHACIT

E(f > A)UE(f <-A), xam A >0,

E(f(x) > A) :{E kam A <0.

4. Beivepracis Gyrkip f *(X) BeHiKae 3 poyHaci

E(If >VA), xani A>0,

E(f?> A) =
E, xami A <0.

5. BeimepHacIs QyHKITbII (xami f(x)=0) npbiMem Oe3 10Ka3y.

1
f(x)
TIAPIMA 8. Haxaii pynkupwii f i g, 3a0a0zenvia na mnocmee E, evimepnsis. Taovt
muocmea E(f>Q) oyosze evimepnoim.

JIOKA3. llpanymapyeM yce palblsHaIbHBIS JIKI:

rl, r2, ceey rn, cee o

JlakaxaM HaCTyITHYIO pOYyHacClb:
E(f>g)=J E(f >r,)nE(g<r,) . (1)
n=1

Hsxait xeE(f>Q), r. 31. f(X)>g(X). Taap! 30O A3€1111a PALIBITHAIBHBI JIIK Iy, IITO
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f()>r.>g(x).

TaMy yHKT X HaJICKBIIb aJITHAMY 3 MHOCTBAY y MpaBaii yacTiibl poyHacti (1), a,
3HAYBIIh, HAICXKBIIH MPaBail 4acTiikl poyHacii (1).

Hsixait X HasiexxbIlb npaBait gacTiel poyHaciii (1). Tambl mpsl HEKaTOpBIM N Oya3eM
MeIlb:

f(x)>r.>g(x),
aJIctoiIb BbIHIKae, mTo f(X)>g(X).

3 anomuHsi HIPOYHACIIl BBIHIKAE, ILITO ITyHKT X HAJIEXKBILb JI€Bail 4acTUbl poyHact (1).
Takim ubIHaM, poyHacib (1) makaszadni.

3 poyuacii (1) i BeimepHacii GyHKIbIi f i § BeIHIKae BEIMEPHACIB JaciielyeMara
mHocTBa E(f>Q).

TPAPIMA 9. Haxaii pynkupti T i g evimeprsia na munocmee E. Taowt
6bLMEPHBIMI OYOYUb | HACMYNHBLA PYHKUBLL:

f()-9(x);
f)+9(x);
f()-9(x);

% (mps1 ymoBe g(x)=0).

JIOKA3. 1. ITa-nepiae, 3ayBaxbIM, IITO MHOCTBA E 3’aynsenua BBIMEpHBIM. 3ac-
TAJIOCS JJaKasallb, ITO s Jiiobora A BeIMEpPHBIM Oya3e MHOCTBa E(f—g>A).

®OyHKIBIS § BEIMEpHas Ha MHOCTBE E, TaMy Ha majcraBe T3apambl 7 Oya3e BeIMEp-
Hail 1 GpyHKIBI §+A.

[Makonbki dynkip f(X) 1 g(X)+A BeIMepHbIs Ha MHOCTBE E, TO Ha majcraBe ToapImel 8
aTpeIMJIiBacM, IITO BEIMEpHBIM Oya3e MHOCTBa E(f>g+A), r. 3H. MHOCTBa E(f-g>A).

2. BeimepHacup ¢yskibii f(X)+g(X) BeiHIKae 3 poyHacIi

f(x)+g(x)=f()-(-a(x)).

Kapsictaemcst Taapamait 7, a Takcama TOW akaJiqHACLIO, IITO PO3HACLb BEIMEPHBIX
GyHKIBIN ECIb (DYHKIIBIS BEIMEpPHAS.
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3. BeimepHaciips 31a061TKY f(X)-g(X) BBIHIKae 3 poyHAacIi
f(X)'g(X)=%{(f(X)+9(X))2—(f(X)—9(X))Z}-

) ). L

BBIHIKAE 3 POYHACII =f(x

g(x) g(x)

A3HAUYDHHE 2. Hsxaiif HekaTopast akaJlidHACIIb Mae MecIa JIsl YCiX MyHKTay

4. BeimepHacipb QyHKIIBI

HekaTopara MHOCTBa E, akpams myHkTay MHOCTBa Eg, sikoe 3msyaena ¥ E
(EocE) 1 mae mepy nynb (ME=0). Taas! raBopaiib, MTO Aa/I3¢HAs aKaliYHACID
Mae MecIia aMajlb YCIoIbl Ha MHOCTBE E abo amaib a1 ycix myHKTay MHOCTBA E.

ABHAUYDHHE 3. /I38e dbyukupr f i g, 3amaa3ensis Ha MHOCTBE E, Ha3bIBaro1a
9KBIBaJICHTHBIMI Ha rITHIM MHOCTBE, Kai f(X)=g(X) amans ycroasl Ha MHOCTBE E.

[TpbI r3THIM 3amicBaronb: f~g.

'PBIKJIA/] 2. Pazrnen3im (GyHKIbIO [{pIpbixiie

f(X) _{1, Kam X — panbIIHAIBHBI ITYHKT aapi3Ka [O, 1];

0, xami X — ipanbIIHATBHBI MyHKT azapa3ka [0, 1].
f(x)~O0.

T2APIMA 10. Kani ghynxupii t i § sxeieanenmuvia na mnocmee E, i aona 3 ix 6vt-
MepHas HA 2IMbIM MHOCHEE, MO | Opy2aa hYHKYbLA 6bIMEPHAA HA 0A03EHbIM
MHOCmEée.

J[OKA3. 3rogna 3 ymoBaii f~g Ha muoctse E. Hsxaii ¢pynkieist f Beimeprast Ha E.
Jakaxxam, mTo BeIMepHail Ha MHOcTBe E Oyn3e 1 pyHKubIsA g.

Pasriiensim maoctBbl E1=E(f(X)#g(X)) 1 E,=E\E;. [Takonbki MHOCTBa E; 3 sy nseriia
BBIMEpHBIM, 00 ME;=0, To MHOCTBa E, Takcama Oy/13¢ BRBIMEPHBIM, SIK PO3HACIIH
BBIMEPHBIX MHOCTBAY .

Kauti ckappicTarp 9apamy 2, To atpeiMaeM, mTo GyHKIps f BeiMepHast Ha MHOCTBE E,.

Annak Ha MHOCTBE E; f(X)=g(X), Tamy 1 pyHKIBIS § Oya3e BEIMEpHA HA MHOCTBE
E..

[TakonbKi QPyHKIIBIS § BEIMEpHaAst HAa MHOCTBE E,, a Takcama Ha MHOCTBE E; (60
ME;=0, ri1. T2apsmy 1), To siHAa Oya3e Takcama BeIMepHal 1 Ha MHOCTBe E=E,UE,
(r1. T™@apamy 6).
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ABHAUDHHE 4. Oynkupls f, 3agan3enas Ha aapasky [a, b], Ha3wiBaema mpeic-
TyIIKaBaii, Kam aapi3ak [a, b] MoxkHa pa30ile myHKTami

a=Cy<C;:<...<C,=b

Ha KaHCYHBI JIIK YacTakK, YHYTPHI SKiX, I'. 3H. Ha iIHTApBanax (Co, C1), (Cy, C2), ..., (Cno
1, Cn), Mam3eHas QyHKIBIA 3’ TyTIseria cTagai.

T3APIMA 11. Ilpvicmynkasas hynkuywia 3’aynaeuua eblmepHail.

JIOKA3. Ha KoHBIM 3 IIpameskkay [Co, C1), [C1, C2), ..., [Cn_1, Cn) Aaa3eHas
(GYHKIIBIS DKBIBAJICHTHASI KAHCTAHIIE, TaMy sTHa Oy/13¢ BEIMEpHai. AJICIONb Ha
najicTaBe TIapIMbI 6 BbIHIKAE, MITO (PYHKIIBIS Oy/13€ BoIMEpHail 1 Ha a0’ s iHaHH1
I'ITHIX MTPaMeKKay, I'. 3H. Ha a’pa3ky [a, b].

CdapmynroeM 6e3 10Ka3y A3BE TIAPIMBI.

T3APIMA 12. Haxait na mnocmee E 3a0ad3ena nacasadoynacuyb eblmepHbix
gynxyoti 1(X), 1(%), ..., T(X), ... , a maxcama nexamopasn gynxuyoin F(X). Kani
amains ycioovt na muocmee E evikonsaeyya poynacus lim f_(x) =F(x), mo

gynxuvia F(X) 6yoze evimepnaii na mnocmee E.

T2APIMA 13 (maapima Jlyzina). Haxaii pynxusia f(X) 3a0aozenasn i evimepnasn
Ha adpi3ky [a, b]. Taowt onsa nrwdo2a dadamnaza niKy € icnye maxkas
Henapolynasa na aopisky [a, b] ¢pyuxkusia §(X), wumo

mE(f=g)<e.

[HaKII KayKy4bl, BBIMEPHYIO (DYHKIIBIFO MOYKHA 3palillb HemapblyHai Ha aapaIsky [, b]
HUIIXaM si€ 3MSIHEHHSI HA MHOCTBE KOJIbKI Ma)kaJjaHa Majoi MepBhl.

HexkaTopsis ayTapbl IpbIMarollb IITYIO YIacIiBaclb 3a a3HaUPHHE BIMEpHai
(GYHKIIBII.

3 t3apamel Jly3iHa 6aybiM, IITO BEIMEPHBIA (DYHKIIBII 112 CBa&l CTPYKTYpPHI LIeCHA
3BSI3aHBI 3 HETIAPBIYHBIMI.

4. Inmarpan Jlebera
4.1. A3HaudHHe iHTIrpasa Jlebdera

Mps1 maznaéminics 3 mansiiem iHTIrpana Peimana. BsimoMa, mTo iHTAIrpaBaIbHBIMI
na PpiMaHy MOTyI1Ib OBILb TOJBKI aOMekaBaHbIsl QYHKIIBI. AJTHAK HE JTr00as
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abMmexaBaHasi QYHKIIbIS Oy/13€ 1IHTArpaBajabHail ma Peimany (Hanpbikiaa, QyHKIIbIS
JbpIpbIXJE).

VY namzensiM maparpade Mpl adaryapbHIM MaHAIIE IHTArpaia TaKiM YblHaM, IIITO 1H-
TATpaBajbHAN Oya3e KOXKHasi abMekaBaHasi BBIMEpHasi PYHKIIBIS.

Hsxaif Ha BEIMepHBIM MHOCTBE E 3aman3ena abmekaBaHnasi BeIMepHast (OyHKITBIS
f(x). [Nakoxapki ¢yHkIest f abMekaBanast Ha MHOCTBE E, TO icHYIOIb TaKis JTiki A i
B, mTo

A<f(x)<B, VxeE.
Paz6iBaem aapazak [A, B] Ha N yacTtak myHKTami
A=yo<y:<...<y,=B.
Pasrien3iM MHOCTBBI
L=E(Wsf<yk1), k=0, 1,...,n-1.
['3ThIsI MHOCTBBI BaJIOJIAOIIb HACTYITHBIMI YIIacIliBacIsIMi:
1) MHOCTBHI |y mapami He mepacsKarola;

2) MHOCTBHI | 3’y 51011112 BEBIMEPHBIMI, SIK ITEPACTYIHHE BHIMEPHBIX MHOCTBAY;
n7

3) Ullk =E;
k=0

n-1
4) mE= Z:mlk (rn. ™apamy 4 nmaparpada 3.6).
k=0

[TaGymyem HaCTYIHBISI CyMBbI:

n-1
s=>y,ml,
k=0

n-1
S= Zykﬂmlk :
k=0

['>ThIst CyMBI HA3BIBAOIIA HIXKHSN 1 BEpXHsIi (IHTArpasibHbIMI) cymami JleOera.
SIHBI BajioaroNb MIdparaM yJaciiBaciisy, aHajdariulbix yiaaciiBacisiv cym JlapOy.

0 - o o

1°. Kami ga myHKTay Yy Jamaib HOBBIA MMyHKTHI pa30iyki axpaska [A, B], To
HIXHs cyma Jlebera Moska TOJIBKI TTABSUTIYBIIIA, & BEpXHssA cyma Jlebera —
TOJIbKI TAMEHIBIIIIIA.

J[OKA3. [loxa3 3BoA3i1IIa a pa3riisaay BBIMAJIKY, Kalll a MyHKTay Yk
Jajaeria aa3id HoBeI MyHKT Y . Hsaxail Y 3Haxom3imia naMik myHKTaMi Y 1 Y
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Vi<V <Yis1.

Hsxait S 1 S — cymsl JleOera, sikist aamaBsaarob «CTapoi» pa3oiyiel anpiska
[A, B] myrkrami A=Yo<y1<...<Yi<Yi+1<...<y,=B.

Hsixait S i S — cymbl Jle6era, sKist aAnaBsIaoLb «HOBai» pa36iyisl ampaska
[A, B] mynkTami A=yo<y:<...<Yyi<VY <Yiu<...<y,=B.

Mspkyewm:
I/ =E(y; <f <¥),
I"=E(y <f <y,,,).

[TaOyayem HixkHIsSI cymbl JIeOera, sikist aAnaBsIaolb «CTapoi» 1 «HOBa»
pazOiyIe:

s=yomlot...+yimli+yiMliva ... +ynamly ;

§:yom|0+. . '+yi I'Inli’ + lei” +y|i+1m|i+1+o . .+Yn71m|n71-

CyMbI S1 S apo3HiBaroIIa TOIbKI MaAKPACICHBIMI CKJIaIHIKaMi. Y Cce acTaTHIs
CKJIQJIHIK1 CyTIaJato1lb.

3a3elicHIM NapayHaHHe MaaKpACcaeHbIX ckuaanikay. [lakonski | 11" He
nepacskaronmai | =1"Ul", To 3romma 3 ynacmiBaciiro anpITeIyHACI Mepsl (Toapama 4

naparpada 3.6) 0y13eM Mellb.
mli=ml/+ml.
AJCI071b, YIIIYBaIOYbl HAPOYHACIH Yi<Y , aTpbIMIIIBaeM, IITO
yimli<yiml/+yml”,
aJKyJb 1 BBIHIKAE, IITO
S<S.

Vnacuisacup 1° s Hixkmix cym Jlebera nakazaii. AHaJariyHa Jjaka3Baeliia ratas
ymacimiBaciip 1 1)1 BepxHix cyMm Jlebera.

0 .
2". Koxxnast HUkHSIs cyma JleOera He mepaBbliiae KOKHYIO0 BepxHIO0 cymy Jlebera,
sKas aJlaBsac HaBat iHIai pa3oiymel aapaska [A, B].

Jloka3 raTaii yaciBacui rpyHTyenua Ha yaacuisacti 1° 1 axsImustyisera anana-
T'1YHBIM YblHAM sIK 1 7151 cym JlapOy.
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. o . . . . A0 .
Pa3rnensim MHOCTBA {S} pa3HacTailHbIX HiKHIX cyM JleOera. 3 ynaciiBaciii 2° BbIHIKae,
IITO IITac MHOCTBa abMekaBaHa 3BepXy Jr000i BepxHsiii cymait JleGera. Tamy MHOCTBa
{s} mae BepxHIOIO MSIKY, sIKYIO aba3HaubIM pa3 U: U=sup{s}.

3 a3HAYdHHS BEPXHsIM MsDKBI BbIHIKAE, ITO USS /17151 JTr000i BepxHsi cymbl Jlebera S.
ATOIIHAS HAPOYHACIH CBEIUBILb a0 ThIM, IITO MHOCTBA {S} pa3HacTalHBIX
BepxHix cyM Jlebera abmeskaBaHa 3Hi3y jikaM U. TaMy MHOCTBa {S} Mae HI’KHIOIO
MSIKY, SIKyto aba3HaubiM mipa3 V: V=INf{S}. 3 a3HausHHS HiXKHSII MSKBI JlikaBara
MHOCTBA BbIHIKAa€, IITO

usv. (1)
Jakaxxam, mro U = V.

Msipryem: A = Ongaxl(yk+1 ~Yy)-

Jliis cym Jlebera, sikist CKIaa3eHbI AJ1s1 aIHOM pa30iyKi aapaIska, Oy13eM Mellb:

n-1 n-1
S-5=> (Vs —Yi)Ml <2 ml, =AmE.
k=0 k=0

TakiM ybIHAM,

S—s<AmE. (2)
ITaxoabki SSULVLS, To 0<v—U<S-S.
Ancrons 1 HipoyHacii (2) BeiHiKae, mTo 0<v—Uu<AmE.

['>Tyro HApOYHACI, MBI AaKa3aii i JIro0ok pa3oiyki agpaska [A, B], r. 3H. qis
aro0ora A. Axcrons BeIHIKae, mTo V—U=0, T. 3H. V=U.

ArynbHae 3HaYPHHE BeNIYbIHb U 1V abazHauybiM mpa3 |: I=u=v. Jlakaxxam, mto
| =lims=IlimS.
A—0 A—0

BospMeM anBoabHbI 1K £>0 1 3HOMA3eM Taki ik 0>0, kad
OME < &.

Tanw! ipbl 10001 pa3oiyIe! anpaska [A, B], skas maanapaakoyBaeria TOJIbKl YMOBE
A<¢, Oynzem Mellb:

S—s<AmE<dmE<e.
[Maxonbki SIS (J=sup{s}, J=inf{S}), To maem:

Is-J|<e,
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|S-J|<e.

TaxkiM 9bIHAM, MBI JTaKa3aii, mTo i Jrooora Jiky £0 icHye Taki Jiik 6>0, mTo
kI TF000H pa3oiyie agpaska [A, B], sikas magnapaakoyBaeria TOJIbKi an3iHai
yMOBe A<0, BBIKOHBAEIIIA HAPOYHACIT

|s-J|<ei [S-J|<e.
I'>Ta 1 cBequbIlb a0 THIM, LITO

| =lims=1imS. (3)
A—0 A—0
MBaI nakasaii, mro Kami GyHKibisa f abMexaBaHast 1 BBIMEpHast Ha MHOCTBe E, T

npbl A—0 HIKHSS 1 BepXHSsA cyMbl Jlebera Marolb aryibHbI JTIMIT.

ABHAYDHHE. Arynbnbl iMiT (3) HiXHI 1 BepxHsit cym JleOera Ha3bIBaema
inTarpaiam Jlebera aa ¢pynkipli f(X) ma MuoctBy E 1 aba3Havaeliia ciMBaiam:

(L) Jf(x)dx abo [f(x)dx.
E E
Kani E=[a, b], To inTarpan Jlebera aba3Havaeria Takcama Tak:
b b
(L)jf (x)dx a6o jf (x)dX .

BrIHiK, aTpeIiMaHbl ¥ 1a13eHbIM naparpade, MoxHa chapmymsBailb Y BbITIISAI3E
HACTYITHA T3ApIMBL.

TIAPIMA. Inmazpan Jlebeza icuye 015 110001 PyHKUbli, AKAA AOMeIHcasaHasn
i bimepHas Ha munocmee E.

Kaui icaye inTarpan Jlebera ang gpyukisn f(X) ma maoctBy E, TO raBopaiip, mTo aa-
n3eHast GyHKIBIS 3’ AyIsielia inTarpaBaibHail na Jlebery Ha muoctse E. Tamy
JlaKa3aHYI0 BBIIIDM Tap3My MOXKHA capMyJisiBallb 1 rITak: Jr00as PyHKIIbIS,
abmexxaBaHasi 1 BBIMEpHas Ha MHOCTBe E, iHTArpaBanibHast na Jlebery Ha raThim
MHOCTBE.

3AVBATA 1. Asnausnne intorpana JleGera 3Bsi3aHa 3 BbiOapam gikay A i B.
MoskHa fgakasaiib, mto iHTIrpai Jlebera He 3anexbilb aj BeiOapy Jikay A1 B.

3AVBATA 2. Akpamsi Bepxmsi i Hixusii cym JleGera MoXHA pasrisifallb
n-1

NPaMEKKaBbId IHTIrpambHBIL CyMbl o =Y hml, me b (k=0, 1, ..., n-1) —
k=0

aJIBOJIBHBIS JTIKI, SIKIS 337aBAIbHSIOLD HAPOYHACIIAM YiSD<Yi1.
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3pa3ymerna, mrTo SSo<S.
AJCIOITb, CKaphICTaYIEI (3), aTphIMITIBAEM, IIITO
lime=1.
r—0
TaxiM 9biHAM, iHTATpa] Jlebera Mo)KHa BBI3HAYBIIH SK JTIMIT CyMbI o ipbl A—0.
4.2. AcHoyHbIf yaacuiBacui inTarpasa Jledera
T3APIMA 1 (maapama a6 capionim). Kani ¢pynxyoisn 1(x) 3’aynseuyya
svimephail na muocmee E i na 2amoim mnocmee 3aoasanvuse ymose a <f(x)<b,
mo

a-mE < [f(x)dx <b-mE. (1)

JIOKA3. Hsxaii N — afBOJIbHBI HATYpaibHbI JiK. Pa3rien3imM HaCTYHBISA JKI:

A:a—i,B=b+£.
n n

Taner A<f(x)<B, VxeE.

PasbiBaem aapa3ak [A, B] Ha gactki myrkTami A=Yo<y;<...<y,=B i Oyayem Hix-
HI010 cymy Jlebera

n-1
s=>y,ml,.
k=0

ITakoabpki A<y <B, 0

r. 381. A-mE<s<B-mE.

Kaxi ¥ raTaii HsapoyHacti nepaiiciii aa giMity npsl A—0, To aTppIMaem:
A-mE< If (x)dx <B-mE,
E
1 1
r.3u |a-— |mE< jf (x)dx <| b+= |mE.
n ’ n

[Tspoiinzem y anmomHsAl HApoyHacti aa JiMiTy npel N—0. byazem merrs:

a-mes [ (x)dx <b-mE.
E
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BBIHIK 1. Kaui f(x)=c (c — const) ma muoctBe E, TO

jf (x)dx =c-mE.

['3ThI BBIHIK aTpbIMITiBacIa 3 HapoyHacii (1), kami a =b =,

BBIHIK 2. Kami ¢pynkusist f(X) Ha MHOCTBE E BRIMEpHAs 1 Ha TITHIM MHOCTBE

£(x)>0 (f(x)<0),

to [f(x)dx >0 ( [f(x)dx <0).

['>TeI BBIHIK aTpbIMITIBaeIIa 3 HapoyHacti (1), kami mepkaBailp, mrto a=0.

BBIHIK 3. Kani ¢pynkusrst f(X) 3amaa3enas i abMmexaBanas Ha MHOCTBE E, Mepbl
Hyas (ME=0), To J.f (x)dx =0.
E

IIPBIKJIAJ] 1. Aba3naubiM nipa3 E MHOCTBa palbIsiHAIBHBIX JIIKAY aapa3Ka
[0, 1] (mE=0). Pa3rnen3im dyHKIBIIO, 3a1a13eHYI0 Ha MHOCTBE E opmynait
f(x)=1. Tampr

[t )dx =0.

IIPBIKJIAZ 2. | sinxdx =0, [x’dx =0.
{2, 3, 5} {1}

TIAPIMA 2. Haxait evimeprnae muocmea E écuv ad’aonanne kaneunait abo
3i4OHAll CYKYRHACYI MHOCM8AY, AKIA napami He nepacaKarouya:

E=JE,.
k

Hsxait na mnocmee E 3a0a03ena abmesricasanasn evimeprnasn gynxunis 1(x). Taowt
Mae mecua HACMynHAaA POYHACUb:

j f(x)dx = > j f(x)dx . (2)

['aTas ynacimiBaciie Ha3bIBaeIIa MOYHAN aJbITIYHACIIIO IHTATpAIA.

JIOKA3. Pa3rnen3im BeIllagak, Kaji
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E=E1UE2, ElmE2=@.

Hsxait A<f(x)<B, VxeE. Pa36iBaem anpazak [A, B] mynkrami A = yo<y;<...<y,= B
Ha YaCTKI.

Pasriies3iMm MHOCTBBI
L=E(Yist<yiea),
e =E1(Yi<f<yys1),
v =E2(Yi<f<yiaa).
3pasymena, wro I, NI/ =0, =1, Ul/.
Tamy mli=ml +ml, (ts1. T25apamy 4 maparpada 3.6).

Ancronb BBIHiKae, IITO
n-1 n-1 n-1
Zyk -ml, = Zyk -mly +Zyk -mly.
k=0 k=0 k=0

Kaui 3apa3 nepaticii qa mimity npsl A—0, To aTpeiMaem:

jf(x)dx: jf(x)dx+ jf(x)dx.

Trapamaii qakazana, mto MHOCTBA E éciib a0’ siqHaHHE IBYX MHOCTBAY. AJCIOJIb
BBIHIKA€ MPay 131Baclib TIAP3MBI 1 ¥ BBINAIKY, Kajll MHOCTBA E Eciib a0’ saHaHHe 11000
KaHEYHal CyKyITHACIll MHOCTBaY.

CuBsip/pKoHHE ¥ BBINAJAKY, Kajal MHOCTBa E €cuib a0’ siiHaHHe 3:1190Hal cyKymHacIi
MHOCTBAY, SIKis [1apaMi He TiepacsKarolla, mpeiMeM 0e3 10Ka3y.

BBIHIK. Hsxaii f(X) — aOMmeskaBaHasi, BBIMEpHasi 1 HeaaMOyHast QyHKIIbIS Ha
MHocTBe E. Hsxait E' — BbeIMepHae MHOCTBa, sikoe 3MsIyaelia ¥ MHOCTBe E.
Tangpl

Jfodx < [f(x)dx .

HOKA3. Mspkyem, mro E""=E\E’, ranst E=E"UE". CkapsicTaymist T2apamy 2,
aTppIMaeMm:

[fO)dx = f(x)dx + [f(x)dx .
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[MakombKi If (x)dx >0 (1. BeIHIK 2 3 TPapaMEI 1), TO 3 aTpbIMaHail BRI POY-
&

macwi spmixae: [f(x)dx = [f(x)dx .
E E'

T3APIMA 3. Haxaii ha mnocmee E 3a0a03envt 036e abmercasanvla eblmepHvla
gynxyoti 1(x) i g(x). Kani f(X)~g(X) ha mnocmee E, mo Jf (x)dx = Ig(x)dx :
E E

JHOKA3. Mspkyem: E;=E(f£g), E,=E(f=Q). 3pa3symena, mrto E=E;UE,.

[Makombki ME;=0 (60 f(X)~g(X)), To Ha maaCcTaBe BBIHIKY 3 3 T9APIMBI 1 aTphIMIIiBacM:
[fe)dx = [g(x)dx =0. (3)
El El

Jiis mo6ora XeE; f(X)=g(x), Tamy
[t00dx = [g(x)dx. (4)
E, E,

Cxuaymisl poyHaciii (3) 1 (4) 1 ckapbICTayIIIbl YIaciiBacllb abITHIYHACII THTATpaIa
OyJ13eM Mellb:

[t )dx = [g(x)dx =0.

BBIHIK. Kari f(x)~0 na muoctse E, To [f(x)dx =0.
E

[IpaynziBaciib raTara CUBSIp/KIHHS BhIHIKAE 3 lakazaHai THap3MBbI 1 BBIHIKY 1 3
T3apoMHI 1.

IIPBIKJIA/] 3. Pasranen3iMm (yHKIBIIO, SKas 3a/1aa3eHa popmynai

£(x) _{1, Kaal X — palblsHaIbHBI MyHKT anpaska [0, 1];

0, xam X — ipanbISHaJbHBI MyHKT azapa3ka [0, 1].

3pasymenna, mmro f(X)~0 Ha aapasky [0, 1]. Tamy maBojie Jaka3aHara BBILIDH
BBIHIKY

(L)ljf (x)dx =0.

Takim ubiHam, iHTATpan Jlebera an GpyHKIbI1 [{pIpbIXiie pOYHBI HYIIIO.
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3AVBATA 1. MsI BeI3HaubLt inTarpan JeGera (L) If (X)dX y BeImamKy, Kaii
E

aOMme)xaBaHasi BeIMepHast QyHKubIs f(X) 3amamsena ycrompl Ha mMHOCTBe E. MokHa
BBI3HAYBIIL 1HTATpai Jlebera i ¥ BhIMajaKy, Kajii abMekaBaHasi BbIMEpHas (YHKIIbIS
3aJa3eHa aMalib yCIO/1bl Ha MHOCTBE E.

VY raTeIM BBIIAAKY Hax inTarpaigam (L) J'f (x)dx pasymeem inTarpan Jlebera anq
E

Takoi QyHKIBI, sikas cynanae 3 f(X) y Teix mynkrax, a3e f(X) 3aman3ena, a
acTaTHIX MyHKTaX MHOCTBA E BbI3HAuaella aJBOJIbHBIM YbIHAM, TOJIBKI O
3acTaBayiacsi abMeKaBaHai.

3rojaHa 3 T@apaMait 3 TIThI IHTATPAJ HE 3aJICXKbIIb aJ1 CIIOcaly 1aBbI3HAYIHHS
dbynkiw f(X).

1IPBIKJIA/] 4. Pazrien3iM (pyHKIIBIO
. 1
1, kam 0<X<—;
F(x) = 2
2, Kam —<X<1.
2

I'Tas pyHKIBIS BEI3HAUYaHA amMallb YCIObI Ha aapa3ky [0, 1].

1
Brutiubim inTarpan Jiebera (L) J.f (x)dx . JlaBbi3HaubiM GyHKIBIO f(X) y

ITYHKIIC E aJBOJIBHBIM YbIHAaM, I'. 3H. pasrne):[3iM, HaIIPbIKJIAO, (byHKLIBIIO

f(x), kam X 7&%;
9(x) =

1 xam X=-—.
2
Tanpl, 3romHa 3pobiieHal 3ayBase, Oya3eM Mellb:

(L)jf(x)dx L)jg(x)dx (L) Ig(x)dx+(L) j x)dx = (L) Ildx+(L) jzdx_
[0, f] (f 1] [0, f] (f 1]

=1-m|O0, l]+2-m(1, 1]=1. 1+2 1 E
2 2 2 2 2
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Bepnemcs ammus pa3 na BBIHIKY 3 T2apoMbl 3. 3ayBaxkbIM, IITO CUBAPHKIHHE,
aJIBapOTHAE r3TaMy BBIHIKY, HE Mae MeCLa.
IIPBIKJIA/] 5. Pa3rnen3iM QyHKIIBIIO
-1, kam —-1<x<0;
f(x)= .
1 xam 0<Xx<I1.

Maewm:

(UTHXMX:@J jc4mx+a)jlm«444mpLoymeJ¢:
-1 [-1, 0) [0, 1]

1-1+1-1=0.

1
Taxim gbrHAM, IS pasrisinaeMai GyHKie (L) j f(x)dx =0. Agnax
-1

pasrisiiaeMast yHKIBIS He Oy/13¢ SKBiBaJICHTHAH HYJIO Ha aapas3ky [—1, 1].

[Ipeikian 5 cBemubllb a0 ThIM, IITO CIBSIPIXKAIHHE, aJBAPOTHAE BBHIHIKY 3
TIap3Mbl 3, HE Mae Meclia. AJTHaK Mae Meciia HaCTyITHAEe CUBSIP/IKIHHE.

TIAPIMA 4. Kani T(X)>0 amans ycioovt ha mnocmee E i _[ f(x)dx =0, mo
E

f(X)~0 na mnocmee E.

ﬂOR‘/Lr)) Hsaxait E1=E(f>0), E2=E(f<0), E3=E(f:0) I[aKa)KaM, IIITO m(E]_UEg):O.
Ajcronb Oy3e BbIHIKallb, 1To f(X)~0 Ha MHOCTBE E.

[MTaxonbki f(X)>0 amans ycronsl Ha MEHOCTBE E, To ME,=0. Kasi mMbI 11s1mep
nakaxam, mto ME;=0, To, ckapsicTayiisl ToapaMy 4 3 maparpada 3.6, aTpeimaem,
IITO

m(E1UE2)=mE1+mE2:O,

1 T™apoMa 4 Oy/3e 1akazanas. TakiM uyblHaM, JOKa3 TIapAMbI 3BOBIIIIA Jia I0Ka3y poy-
HacIl
mE1=O. (5)

3/13eiCcHIM JJ0Ka3 rITail poyHactii.

ITakoabki ME,=0, To

juxmx=o. (6)

Ha muoctBe Ej3 f(X)=0, Tamy
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If(x)dx:o.

3 poyHacusy (6) 1 (7) 1 ynacuiBacii aAbITIYHACII IHTATpalia BbIHIKAE, IITO

jf (x)dx = jf (x)dX .

VY 1i4Baroybl, MITO IIa YMOBE TIAPIMEI If (x)dx =0, arpeimiiBaem:
E

j f (x)dx =0.

3ayBaXKpIM, IITO

1
me H, =E(f >=).
n
CkappIcTayiibl T3apaMy 1, aTpeiMaeM:

jf(x)dx zi-mHn,Vn.
H, n

Jlaiel, yiuBaro4bl BBIHIK 3 T2APAIMBI 2, MaEM:

jf (x)dx > jf(x)dx ,vn.

3 mapoynacisy (10) 1 (11) BeiHIKAE, TITO

J'f(x)dx zlmHn, vn.
E, n

Ancronsb 1 poyHaciii (8) arpeIMiTiBaeM, IITO
mH,=0, Vn.

VY iuBaroubl aTpeiMaHae 1 poyHaciib (9), Oya3em Melib:

mElsimHn =0,

n=1

aJIKyJb BbIHIKae, mto ME;=0.

(7)

(8)

(9)

(10)

(11)
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MokHa naka3aib TaKCaMa HACTYITHBIS TIAPIMBL.

T3APIMA 5. Haxaii pynxywti 1(X), g(X) admescasanvia i ebimephvisn Ha
muocmee E. Taowv

j( f (x) = g(x))dx = jf (X)dx + jg(x)dx,
jcf (x)dx=c If (X)dx (C — aosorvubl pIuaicusl 1ik).

T2APIMA 6. Haxai ¢pynxupti T(X) i g(X) aomesrrcasanvin i 6bimepnvia na
muocmee E. Kani 1(X)<(x) amans ycroovt na mnocmee E, mo

jf (x)dx < jg(x)dx.

TIAPAPMA 7. Haxait pynkuvia T(X) abmesricasanasn i vimepnas na munocmee E. Taowt

[ £ (x)dx

< [|f (0]ax.

T2APDOMA 8 (npa nimimaewt nepaxod nao 3naxkam inmazcpana). Haxaii na
BbIMEPHBIM MHOCH8€ 3A0A03€HaA NACTAAOOYHACUD BBIMEPHBIX (PYHKUDBLIL:

fl(X), fg(X), cosy fn(X), cosy

aKaa 30a2aeyua amans ycroovt na muocmee E oa gpynxuwii 1(X). Kani icnye maxi
ik M, wumo oaa ycix N i amans ycix X eE

[f()I<M, (12)

mo lim jfn (x)dx = Jf (X)dX, & 3H. Mazubima nimimaevt nepaxoo nao 3HaKam
n—oo
E

inmazpana Jlebeza.

3AVBATA 2. Kani s GyHKIIH f1(6) f2(X), ..., fa(X), ... BeIKOHBaena yMOBa
(12), To raBopailp, mTO FBTBISI &;HyHKubn AOMeKABaHBIs Ba YCEil cBadll CyKylHaCLi
aMaJib YCIOJIbI Ha MHOCTBE E

4.3. HapayHaHe inTIrpanay Peimana i JleOera

T2APIMA 1. Kani na aopisky [a, b] ¢pynkuwvia f(x) inmazpasanvrnasn na
Pvimany, mo sana 6yoze evimepnaii na aopasky [a, b], nperuvim mae mecua

DOyHacuw:

(L)bjf (x)dx = (R)bjf (x)dx .
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['3Tyro T@apamy maggac papMyITiOONb HACTYITHBIM YbIHAM: Kaji Ha aip33kKy [a, b]
¢ynkubis f(X) iHTAITpaBanbHas ma PeiMany, TO siHa iHTATpaBaiibHas i na Jlebery,
IpbIYbIM a00/Ba sie IHTATPaIbl POYHBIS TaMX CaOOH.

JIOKA3. Jlna xoxHara HaTypajlbHara Jiky P OyaseM I3siins aapasak [a, b] na 2P
POVHBIX YacTakK. ATpbIMaHBISA TPl TITHIM YaCTKOBBIS aJIp33Ki Oy/13eM aba3Havallb

npas [ AP ], a ix maysxemi — npas AP (k=1, 2, ..., 2).

Haxait M (P = sup f(x), m{® = inf f(x).
xe[A(P] xe[AlP)]

[Makonbki ¢yHKIbI f(X) aOMekaBaHas Ha aapa3Ky [a, D], TO rITHIA BepxHis i
HDKHIS MeXbI Oyynb kaHedHbIMi (f(X) — aOMerxaBaHas Ha ajapasky [a, b]
(GyHKUBIA, 00 SHA IHTArpaBabHAas a PIMaHy Ha T3THIM aAp33KYy).

Pa3zryien3iM HacTynHBIS QyHKIBIL:
Pp()=M P, kani x — yryTpaser nyrkT anpazka [ A{P],
wp(X)= M, kani X — yHyTpaHbl MyHKT ap33Ka [Af(p)]_

['31h1s1 GyHKLIBI OYyIh HABBI3HAYAHBIMI TOJIbKI HA KAHIIAX YAaCTKOBBIX aJIpa3Kay.
3pasymena, IITO MHOCTBA IMyHKTAY, y sKixX QyHKObI ¢(X), y4(X) (p=1,2,3, ...)
3’ AYIISIONIA HABBI3HAYAHBIMI, OYy/13€ 3JTIYOHBIM, TAMY STHO Mae MEPY HYJIb.

An3HaybIM HAaCTYIHbIS YaacuiBacli GyHKIBIA @y(X), ¥p(X):

Pp(XN)<FX)< () 1)
y THIX ITyHKTaX, 13¢ QYHKIBI @p(X), ¥(X) BEI3HAUaHB;
Pp(X)Z Ppra(X), ()
Yo(X)<p1(X)

y ThIX ITyHKTaX, J3¢ BbI3HAYaHbl PYHKIBI @pr1(X) 1 Yp1(X).

3 uapoyHaciyy (2) i (1) BeIHIKae, IITO aMallb YCIObI Ha aapa3Ky [a, b] macisimoy-
Hacpb (@y(X)) 3’ayasenna HeHapacTanbHail 1 abMekaBaHail 3Hi3y, TaMy sSTHa Mae

KaHEeYHbI JiMiT. AGasHa4biM sro mpas ¢(X): lim e (X) = o(X).
P—>0

Amnanariuna, amanab yclopl Ha afpa3Ky [a, b] macmsnoyracus (y4(X)) Mae kaHEUHBI
JTiMiT. AGa3HauybIM sTO TIpa3 YAX):
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limy, () = (x).

Axpams raTara, 3 HapoyHaciii (1) BeIHIKae, IITO amallb YCIOIBI Ha aapa3Ky [a, b]
OyJ13eM Mellb:

PA)<EX)<(X). (3)

DyHKIBI @p(X), Wp(X) 3’systonIa IPEICTYIKaBbIMI (Y TBIX ITyHKTAX, J13€ SHbBI HS-
BBbI3HAYAHBIS, MBI X MOYKaM JIaBbI3HAYBII 4IBOJIGHBIM YbIHAM), TAMY T3ThIS (PYHKIIBII
Oyylib BBIMEpHBIMI (1. T3apaMy 11 maparpada 3.7).

AKpawms rarara,
2P

(L) o, ()dx =S MDA, (4)

k=1

b 2P
(L) Jw, ()dx = Yy mPAP
a k=1

(rn. peikiaa 4 maparpada 4.2).

CyMbl, sIKist cTasIb cripaBa y poyHacsx (4), écub cymbl Jap0Oy mams Gpyukibi f(X)
Ha anpa3Ky [, b]. [Makoneki ¢pyskipis f(X) iHTIrpaBanbHas na PeiMany Ha aapasky
[a, b], To mpBI p—>00 KOXKHAsE 3 TakixX CyM IMKHeIIa ja iHTarpaia PeiMana:

(R) jf (x)dX .
Tamy, ymiuBarousl (4), Oya3emM Mellb:
lim(L) fo,(x)dx = lim(L) [y, (x)dx = (R) [f (x)dx . (5)

®ynkupis f(X) iHTIrpaBaibHas na PeiMaHy Ha afapasky [a, b], Tamy siHa abmexaBa-
Hasl Ha MITBIM aJip33Ky. AJICIONb i ca criocaly BbI3HAURHHS QYHKUBIH ¢h(X), 1p(X)
BbIHIKaeE, IITO rIThIS QYHKIBI Oy Iylh abMekaBaHbIMI Ba Y€l cBaél CyKyIHACII1
amaJib yCIOJIbl Ha aip33Ky [a, b]. Tamy ma T@apame mpa jiMiTaBbl epaxoj naji
3HaKaMm iHTArpana Jlebera Oya3em mellb:

lim(L) fo,()dx = (L) fo(x)dx, (6)
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lim(L) fwr, (x)dx = (L) fy(x)dx
3 poyHacusy (6) 1 (5) BbIHIKae, IITO
(L) J(o(x) - w(x))dx =0.

[MTaxonbki @(X)—y(X)=0 amanb ycroapl Ha apa3ky [a, b] (ri. (3)), To Ha majcTaBe
T3apaMebl 4 maparpada 4.2 Oya3eM Mellb:

P(X)-yAx)~0,
T. 3H. ¢(X)~yAX).
Anctonb 13 (3) poOGiM BBICHOBBI, IIITO
fO)=e(x)

amalib yCIOJIbI Ha apa33ky [a, b], r. 3H. f(X)~¢(X).

VY iuBaro4bl BBIMEPHACIH PYHKIIBI ¢(X) 1 TOE, IITO aMajlb YCIOIbI Ha aIpa3Ky [a,
b] f(X)~¢ (X), arpermitiBaeM BeiMepHacIs GyHKIEI f(X) (T11. T2apamy 10 maparpada
3.7), a Takcama poyHaciib (IJ71. Teapamy 3 naparpada 4.2)

(L) Jf(x)dx = (L) fo(x)dx. (7)

3 poynacusy (7), (6) 1 (5) BeIHIKae HacTyIHAsE POYHACIIb:

(L)bjf (x)dx = (R)bjf (x)dx .

TPAPIMA 2. /Ina mazo, ka6 aomexncasanasn gpynkusia f(X), 3a0aozenasn na ao-
PI3Ky [a, b, 6vLra inmazpasanvhaii na Peimany, neadxoona i oacmamxosa, Kao
MHOCM6A YCIX e NYHKMAY Pa3pvley mejia pOyHYI0 HYII0 Mepy.

3 okaszam ratai ToapdIMbl MOXKHA Ma3HaEMINA ¥ MaipyyHiKaxX 1a TI0PbIl
(GyHKUBIN payaicHall 3MeHHal

4.4. CymaBa/ibHbIA (PYyHKUbII

Me1 k0 3HaéMBI 3 nansIeM iHTIrpaia Jiebera. SIHo Ob10 ¥Bea3eHa 11 abMexa-
BaHall BeIMepHai PyHKIbI. Pacmaycroa3im 1smep nassiie intarpaia Jledera Ha
BBITIAJ1aK, Kajii BeIMEpHas (hYHKIIbISI MOKa OBIIb 1 HeabMeKaBaHail.

I. Cmavarky 0yasem pasriasizanb HeaaMoOYHbIsi GpyHKubIi. Haxai gynkubia f
BbIMepHas i HeaJMOYHas1 Ha MHOCTBe E.
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Jlyis KoKHara HaTypaJibHara Jiiky N pasrieasim ¢ysakisiro [f(X)],, 3axam3enyio Hac-
TyIIHal POYHACIIO:

f(x), xam f(X)<n;

n, xam f(X)>n.

[f ()], ={

Takas GyHKITBIS Ha3bIBaCIIa 3pa3aHail QyHKIbIAN. Jlakaskam, IITO SiHa BBIMEPHAs
Ha MHOCTBE E.

JI€rka 3ayBaxkblIllb, ITO JAJIs Jr000ra Ky A Mae Mecila HaCTyIHas POYHACIIb:

E(f >A), kam A<n;
@, xam A>n.

E([F ()], > A) ={

[Makonbki MHOCTBEI E(f>A) 1 & 3’snstoriia BEIMEpHBIMI, TO 3 allOIIHANA POYHACII
BbIHIKae BeIMepHaciib MHOCTBA E([f(X)],>A) mis nrobora A. ['3ThIM 1aka3aHa
BbIMepHacIb GyHKII [f(X)], Ha MHOCTBE E.

AJ13HauYBIM TaKcama, IITo 3p33aHast (PyHKIIBIA 3’ sIyIsieriia abMexaBaHaii Ha MHOCTBE E.
TaxiM 9bIHaAM, JIIs JI0OOTa HaTypasibHara Jiiky N 3pa3anas ¢yHkies [f(X)], Oymze
abmer)kaBaHal 1 BeIMepHail Ha MHOCTBe E.

AJcrolib BBIHIKAE JIJIs1 JTF0OOTa HaTypajibHara Jiiky N icCHaBaHHE 1HTArpaja

(L) JIf (1, dx .

3ayBaXkbIM, IITO HAa MHOCTBE E BBIKOHBAIOIIIIA HACTYITHBISI HIPOYHACTII:
[FOL=<[FC)L<[f(X)]s<. ..

Tamy (1. T@apaMmy 6 naparpada 4.2) maem:

j[f ()L dx < [If ()L dx < [[If (x)]ydx <.

['>1a cBemubIh ad THIM, IITO MACISI0YHACIb IHTArpajiay ( j[f (x)],dx J 3’SIyIIsena
E

HecnaganbHail. TaMy siHa Mae KaHeUHbI a00 OSICKOHITBI JIIMIT:

lim [[f (x)], dx . M)

A3HAUDHHE 1. Jlimit (1) Ha3eiBaela intarpaiam Jledera aa dynkipi f(X) ma
MHOCTBY E 1 aba3Hayaeriiia HaCTYIHBIM YbIHAM:
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(L) [f()dx a6o [f(x)dx.

Kai ratel imit kaHeuHsl, To GyHKIpE f(X) Ha3biBaela cymMaBaibHali Ha MHOCTBE E.

TakiM ublHaM, MBI IIpbITIicCBaeM 1HTATpaj Jlebera koxkHail BBIMEpHal HeaaMOVHal

(GyHKIIBI, aIHAK CyMaBalbHall Oya3eM Ha3bIBallh TYIO, Y SIKOH KaHCUHBI IHTArpall
JleGera.

3AVBATA 1. Kani f — HeaaMoyHas BeIMepHast i aGMeskaBaHast Ha MHOCTBE E
(GYHKIIBIS, TO TIPBI IACTATKOBA BSUTIKIX N OY/3€M MeEIIb:
[f()].=f(x), VxeE.

Tamy m1st Takoi (yHKIIBII 1HTATpall, BbI3HA4YaeMbl (opmynail (1), cymanae 3
iHTAIrpanam Jlebera, Bei3HayanbIM y niaparpade 4.1 npsl ganmamose cym Jlebera.
Takim ubIHaM, J1I00ast HeaIMOYHasi abMekaBaHasi 1 BeIMEpHast PyHKUbIS OyA3€ 1H-

TArpaBaJIbHAMN.

I1. Byazem usinep pasriasiganb pyHKubIi J000ra 3HaKa.
Hsxaii f — BpiMepHast GyHKUBIA 11000ra 3HaKa Ha MHOCTBe E.

Pasrien3iM n3Be qanaMoKHbIS (DYHKITBI:

¢ | f(X), xami f(x)=0; > _ |0, xami f(x)=0;
=10 i f00<0 XTI ), i £00) <0,

AnzuaubiM, 1to f.(X), f(X) — HeanMOYHBIS BEIMEPHBIS Ha MHOCTBE E yHKIIBII.
AJ3HAYBIM Takcama, IITO

f(x)=f.(x)-f_(x), VxeE.

Jiist koxHal nanamMo>kHai (PyHKIbI iICHYe KaHEUHbI 200 OSCKOHIIBI IHTArpai Jlebera,
T. 3H. ICHYIOIIb IHTATPAJIbI

J£.00dx, [ (x)dx.

A3HAUDHHE 2. Kaji K0XHBI 3 iHTrpajay _[f+ (x)dx, _[f_ (x)dX xane4HbI, TO
E E

¢dynkubis f(X) Ha3pIBaema cymaBanbHail HA MHOCTBE E, a po3Hacip

Jt.00dx ~ Jf (x)dx
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HasbIBaela iHTarpaiam Jledera ax dynkien f(X) ma maocTBe E 1 aba3znadaera
I9TaK:

(L) [f()dx a6o [f(x)dx.

TakiM JbIHaM,

(L) ffe)dx = [f, 0)dx — [f (x)dx .

3AYBATA 2. Kani HeagmoyHast BeIMepHasi (DYHKIIbISI CyMaBaJibHasi ¥ CIHCE
azHaudHHS 1, TO siHa Oy/13€ CyMaBasbHai 1 ¥ COHCE a3HAYPHHSA 2.

An3HaubiM  1snep Oe3  JO0Ka3y HEKAaTopblsd —YilacliBacli CyMaBajlbHbBIX

(YHKLIBI.
T2APIMA 1. /Ina mazo, ka6 evimepnas na mnocmee E gynxuyvia 1(X) ovina

CyMaeanvHail, HeadxXoo0Ha i 0acmamiosa, Kad cymasanvHail ovlia PyHKybla

jf(x)dx < ﬂf(x)\dx.

[f(x)|. Kani 2amasn ymoea eévikanana, mo

T3APIMA 2. Cymasanvhasn na muocmee E pynkuywvia 6yoze cymaganvhaii i Ha
JI00BIM 20 6bIMEPHBIM NAOMHOCHIGE.

T2APIMA 3. Kani f(X)~g(X) i pynkuwia f(x) cymasanvnas na mnocmee E, mo
gynkusvia §(X) 6yoze maxkcama cymasanivHail Ha 2IMblM MHOCHEE, NPLIYbIM

jf (X)dX = jg(x)dx.

TAPIMA 4. Haxait mnocmea E — ad’sa0nanne kaneunaza aiky muocmaeay,

AKia napami He nepacakaouua: E = U E, (ExE=2 Vk&)).

k=1
Kani ¢pynxuywia 1(X) cymasanvnan na kosxcuvim muocmee Ey, mo ana 6yoze cyma-

éanvHail i Ha muocmee E, npoiuvim If (X)dx = Z I f(x)dx.
E k=1E,

T2API3MA 5. Kani ¢pynxusia f(x) cymasanvnas na mnocmee E, akoe
3’aynaeyua ado’a10HanHeM 31i40HA2a TIKY MHOCMEAY, AKIA napami ne
nepacakarouya:

E=|JE, (ExE=2 k),

k=1
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[00dx=3" [ f(x)ax.

k=1 E,
T3APIMA 6. Haxaii pynxywti 1(X) i g(X) 3’ayasroyya cymasanvhovimi na

mnuocmee E. Taovt na 2amvim muocmee cymasanbHuimi 3’ ayaaouua i YyHKyoli
f(X)2g(x), cf(X) (C — adsorbubt pruaicuel 1iK), npvrusvim

j( f(x) = g(x))dx = jf (X)dx + jg(x)dx,

jcf (x)dx :cjf (x)dX .
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2. MIPAKTBIYHbI PA3/IBEJI

OcHoOBHasi 1IeJlb TMPAKTUYECKOTO 3aHITUSL 3aKJIIOYAETCS B AaKTUBU3AIUHU
MBICITUTEIBHOMN JEATEIbHOCTU CTYIeHTOB. [IpociymiaB nekiuio npenoaaBaTes no
KOHKPETHON TeM€ M CaMOCTOSITEJIbHO U3yUYUB OCHOBHOW TEOPETUUECKUN MaTepua
M0 KOHCHEKTY JIEKIUH, ydyeOHUKaX, y4eOHBIX MMOCOOUSIX, CTYIEHT IMOIy4aeT
HABBIKM CaMOCTOSITEILHON pPAaOOThI, 3aKpeIuIsieT yMEHUs pellaTh pPa3iHnYHbIe
3a/laud, MPOBOAUTH HcciefaoBaHus. Dopma U METOAbl MPOBEICHUS KaXIOTO
MPAKTUYECKOTO 3aHSATUSI 3aBUCST OT €r0 1[N U TEMATHUKHU.

2.1. TemaTuKa NPpaAKTHYECKUX 3aAHATHUH

IIpakTuyeckoe 3ansaTue 1
MomHocth MHOKecTBA. CUETHBIE MHOKECTBA

Heflb 3arAmus. OCBOUTD ITOHATHA MOIITHOCTH MHO2KCCTBA, CUYETHOTO MHOXKCCTBA,
HaY4YUTCA YCTaHABJIMBATH B3dAUMHO OJHO3HAYHOC COOTBCTCTBUC MCIKIAY
Ppa3 IMYHBIMHA MHOKCCTBAMMU.

Bonpocowi:

1. CooTBETCTBUS MEXAY MHOXKECTBAMM.
2.11oHsiTHE MOIITHOCTH MHOKECTBA.

3. CyeTHBIE MHOXKECTBA U UX CBOMCTBA.

Boinonnenue npaxkmuueckux 3aoanuti. NeNe 27-61 u3 [3];

1. YkaxxuTe O1H 13 BO3MOXKHBIX BAPUAHTOB MPOMEXYTKOB A u B, ecimnt f

B3aMMHO OJJHO3HAYHO OTOOpaXkaeT MPOMEKYTOK A Ha MPoMexXyToK B (paccMoTpeTh

paznuyHbie QyHKIUU [ ).

2. YcTaHOBUTH B3aUMHO OJJHO3HaYHOE COOTBETCTBUE MEXIY MTOJYUHTEPBAJIOM
Y UHTEPBAJIOM; IIOJyUHTEPBAJIOM U OTPE3KOM; IIOJIyUHTEPBAJIOM U JIy4OM;
IIOJIYUHTEPBAJIOM U NPSIMOM; HHTEPBAJIOM U JIy4OM; HHTEPBAJIOM U IPSIMOM;

OTPE3KOM U JIy4OM; OTPE3KOM U IPSIMOM.
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3. Haiit MOIITHOCTH MHOKECTBA.

IIpakTHyeckoe 3ansaTue 2
MouHocTs MHOKeCTBA. MHOKECTBA MOLHOCTH KOHTHHYYMA

Heﬂb 3anAmus. OCBOUTD ITOHATUC MHOKCCTBA MOIIMHOCTH KOHTHHYYMA, HAYUHUTCS
AOKa3bIBATh, YTO MHOXKCCTBO UMCCT MOIIIHOCTh KOHTHHYYMaA.

Bonpocowi:
1. MHOXecTBa MOIIIHOCTH KOHTUHYYMa.
2. Jloka3aTenbCTBO CBOMCT.

Buvinonnenue npaxmuueckux 3adanuti. NeNe 62—74 n3 [3];

1. YcTaHOBUTH B3aMMHO OJJHO3HAYHOE COOTBETCTBUE MEKTY
a) orpeskom | 3;3 n unrepsanom €44 ;
6) orpeskoMm | 3,3 u nonyuntepsanom 12 ;
B) orpe3kom | 3;3 u monyunrepsanom (-12];
r) nojyuHTepBanom (—1;2]u unrepsantom € 4;4:;
1) osyunTepBanoM |12 u untepsamom € 4;4 .

KakoBa MOIIHOCTE 3TUX MHOKECTB?

2. KakoBa MOIIIHOCTH MHOKECTBA

a) BCEX MHTEPBAJIOB YUCIIOBOM MPSIMOM C pallMOHATIbHBIMU KOHIIAMU?

0) MATUYTOJIHLHUKOB Ha MJIOCKOCTH, BEPUTUHBI KOTOPBHIX UMEIOT PAIMOHAIIbHBIE
KOOPANHATHI?

B) YMCJIOBBIX MOCIE0BATEIbHOCTEN, COCTABIICHBIX U3 IBYX yucen 2 u 87

IIpakTuyeckoe 3ansiTue 3

CpaBHeHHne MOLIHOCTE
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L]env 3auamus; HAYYUTHCS CPABHUBATH MHOKECTBA MO MOIIIHOCTH.
Bonpocwi:

1. CpaBHEHHE MOIITHOCTEM

2. IlpoGaeMa KOHTHHYYMA.

3. CyllleCTBOBaHHE MHOKECTB OOJIBIIINX MOITHOCTEH.
Buvinonnenue npaxmuueckux zadanuti: NeNe 75-80, 90-94 wu3 [3];
1. ChopmynupoBaTh ppo0eMy KOHTUHYYMa.

2. HpI/IBCCTH IIPpUMCPBI MHOKCCTB MOIITHOCTH OoJIbIIIE KOHTHHYYMa

IIpakTnuyeckoe 3ansarue 4

JIuneiinble MHOkeCTBA. COBeplIEHHbIE MHOKECTBA

Llenv 3anamus: MOHATHUS IMHEWHOTO MHOKECTBA, COBEPIICHHOIO MHO>XKECTBA.
Bonpocwi:

1. JInHeliHbIE MHOKECTBA.

2. CTpoeHME TMHEUHBIX OTKPBITHIX U 3aMKHYTBHIX MHOKECTB.

3. CoBepIleHHbIE MHOKECTBA.

4. KaHTOpOBO MHOXECTBO.

Boinonnenue npakmuueckux zaoanuit: NeNe 140-142, 150-154 us3 [3].

IIpakTuyeckoe 3ansaTHe S
Mepa Jledera. U3smMmepumbie MHOKECTBA U X CBOMCTBA

L]env 3auamus. yCBOUTD MOHATHSI BHYTPEHHEN U BHEIIHEN MEp MHOXECTBa, MEpa
Jlebera u U3MEpPUMOro MHOXKECTBA, HAYUYUTHCA HaXOUTh MEPY JINHEUHBIX
MHOKECTB.

Bonpocwi:

1. Mepa orpaHM4eHHOTrO OTKPBITOTO MHOXKECTBA.



95

2. Mepa orpaHu4eHHOTO 3aMKHYTOI'O MHOKECTBA.
3. BHemHss 1 BHYTPEHHsI MEpPbl OTPAaHUYEHHOTO MHOKECTBA M KX CBOMCTBA.
Bowinoanenue npaxmuyeckux 3aoanuti: NeNe 320-326 u3 [3];

1. HaliT BHYTpPEHIOIO MEPY MHOKECTBA

a) (-2,0)u{1,3}, r) [2,5]{7,10};
6) (3;:4){5,9}; n) [1,6) {79},
B) (-3;-1)u{2}; e) [1,6]U(7,9).

2. HaliTu BHEIIHIOIO MEPY MHOKECTBA
a) [1:6]w{7.9}; B) [2;5]w{7,10};
0) [12;16]w{20}; r) [-3;-1]u{0}.

3. Haiitu mepy JleGera muoxkects BU A, B\A,BMA, eciu

2) A={3n+1||n . N}, B=(3:4). 1) Az{”T”nn . N}, B=(1:4):
_|2n+1 (141 _|3n+4 —_[2-RT-
6)A—{n+1 ||neN},B (14, A {M ||neN},B [3:6];
2n+1 ey Sn+1
B) AZ{ Ine N},BZ[Z,S), e) A= HneN , B=(2;4).
n+2
4. Haiitu mepy JleGera MHOXkecTBa
2) O 8" -1 8™ 1), B) O 11" -1 11™ 1)
n=1 8n ! 8n+l ! n=1 11n ! 11n+l !
N e S e A o8 -1.5m -1
)n:l 3n ! 3n+l ! F) nl 5n ! 5n+1 '

IIpakTH4yeckoe 3ansitue 6
Mepa JleGera. U3smepumble pyHKIIUM U UX CBOHCTBA

Llenv 3anamus; ycBoUTh NOHATHS Mephl Jlebera u n3mepumMoil pyHkumH,
HAYYUTHCS JI0Ka3bIBATh U3MEPUMOCTD (DYHKIIUH.
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Bonpocui:

1. U3Mepumbie PYHKIIUM M UX CBOMCTBA.

2. DKBUBAJICHTHOCTb U3MEPUMBIX (YHKIIUMA.

3.13mMepuMoCTh CyMMBI, MPOU3BEICHHUS], YACTHOTO JABYX U3MEPUMBIX (PYHKIUH.

Buvinonnenue npaxmuueckux 3a0anuti: NeNe 538-550 u3 [3].
1. Jlokazats, uto ecim ¢pyHkius f(X) — m3mepuma, TO

a) ipu J1r000oM K mamaepuma ¢ynkius K - f(x);

0) usmaepuma GyHKIUA | f(x) | :

2. Jlokazarb, 4TO ecnM (yHKIMS, HENpepbiBHas Ha OTpe3ke FE, sBusercs
U3MEPUMON.

47 xe P1\Q

3. Jloka3zathb, uyto ¢pyHknws f co 3HaueHusmu f (x) = _
2x-3,xeQn P1_

n3mepuma Ha otpeske [0; 1] (Q — MHOXKECTBO paliMOHAIBHBIX YUCEIT).

sin2x,xe p1\P

4. JToka3artb, uro Gyukuus f co 3HaueHuaMu f(x) = -
A byt ) 3x—4,xePn 1

uzmepuma Ha otpeske [0; 1] (P — mHoxkecTBO KanTopa).

IIpakTuyeckoe 3ansaTue 7
IHonsitue nnTerpasna Jlebera

L]env 3ansamus; yCBOUTH MOHATHS MHTETpaJIbHBIX cyMM JleOera, nHTerpana
JleGera, paccCMOTPETh METOJIbI I0KA3aTEIhCTBA MHTETPUPYEMOCTH (PYHKIIMH TIO
Jlebery.

Bonpocowi:
1. BepxHusist u HukHsIs1 cymMBbl Jlebera 1 X OCHOBHBIE CBOICTBA.
2. Boruncnenue unrerpania Jlebera ¢ moMompo OnpeaeeHus.

Boinonnenue npaxmuueckux 3aoanuti: NeNe 565-570 u3 [3];
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1. ITocTpouTh UHTErpasibHBIC CYyMMBI JIeOera u Pumana st pyHKImi
a) f(x) = 2x + 1 na maoxectBe E = [3; 5];
0) f(x) =5 — 2x na maOXxecTBe E = [2; 6];
B) f(x) = x* — 1 na muoxectBe E = [-2; 2].

BoerancnuTh 3HaU€HUs BEPXHUX HHTETpalbHBIX cyMM JleOera u Pumana, pa3ous
MHOXECTBO £ Ha 6 paBHBIX yacTel. CpaBHUTE MOJYYEHHBIE 3HAYCHHS C TOUHBIMU
3HAYEHUSMH UHTETPAJIOB.

2. JlokazaTh, yTo QyHKIIUS

x? —2x,xe p1\Q

— wuHrerpupyema no Jledery Ha orpeske [0;1].
3 xeQn 1

a) f(x)=
Boeruucnuts unterpan Jlebera. byner nu sta GpyHkiusa uaterpupyema no Pumany?

4%, xe p1\p

0) f(x)=
) 1) x-x%,xePn a1

— (P-mHO)ectBO KanTopa) unterpupyema mno Jlebery Ha

otpeske [0;1].

sin2x,xe P \P

— (P-muOX)ecTBO KanTopa
3x—4,xePn P ( pa)

B) Jlokasath, 4ro pyHKums f(X)=

uHTerpupyema no Jlebery na orpeske [0;1].

4 xe p1\Q

_ uHTerpupyema 1o Jleder
2x-3,xeQn p1 PPy Y

r) Jlokazatb, 4To QyHKIIHS f(x)=

Ha otpeske [0;1].

IIpakTuyeckoe 3ansaTne 8
MeToabl BbIYHCIeHUsIa HHTerpaJja Jlebera
L]env 3auamus; OCBOUTH OCHOBHBIE METO/IbI BRIUKUCIICHHS HHTErpaioB JleOera.

Bonpocui:
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1. Metonb! BeruncieHus: uarerpania Jleoera.
2. CpaBHenue unTerpainoB Pumana u JleGera.
Bowinoanenue npaxmuyeckux 3aoanuti: NeNe 573-577 u3 [3];

Boruncnuts unrerpain Jlebera ot pyHKIuu

x?-2x,xe p1\Q

— wna otrpeske [0;1]. Byaer nu sta dyHkIus
3 xeQnm 1

a)  f(x)=
uHTerpupyema no Pumany?

4% xe P \p

0) f(x)=
) 1) x-x%,xePn 1

— (P-muoxectBO Kantopa) Ha orpeske [0;1]. Bynert nu sta

dbyHKUMS UHTETpUpyeMa 1o Pumany?

sin2x,xe p1\P

— (P-mHoxectBO KanTopa) Ha
3x—4,xePn P1

B) JlokazaTh, uto pyHKIHS f(X)=

orpeske [0;1]. Byner nu sta dynkuus uaTerpupyemMa mno Pumany?

4 xe P1\Q

— Ha otpe3ke [0;1]. Byaer nmu sra pyHkums
2x-3,xeQn 1 P [0:1]. By Dynicu

r) f(x)=

uHTEerpupyema no Pumany?

IIpakTueckoe 3ansaTue 9
Cymmupyembie pynknuu. [IpocTpancrsa Ly, L.

Llenv 3anamus. yCBOWTH TOHSTHE (PYHKIUHM CPE3KH, CYMMHUpPYEeMOW (YHKIUU U
METOJIbl BBIUMUCIICHHS MHTerpana Jlebera or HeorpaHudeHHbIX QyHKIMN. N3yduTh
CBOMCTBa MpoCTpaHCTB Ly, L,.

Bonpocwi:
1. Cymmupyemblie yHKITUH.
2. IIpoctpanctsa Ly, L.

3.Boruncnenue unrerpana Jlebera ot HeorpaHUYEHHBIX (PYHKIIUHA.
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Buvinonnenue npaxmuueckux 3a0anuti: NeNe 581-586 u3 [3]

IIpakTuyeckoe 3ansarue 10

OpTroronajnbabie PyHKIMU. 3aMKHYTOCTh U IIOJIHOTA CUCTEMbI
TPUTOHOMETPUYECKHUX PyHKIMI

L]env 3ansamus. yCBOUTDH MOHATHS OPTOTOHATIbHAS, 3aMKHYTas U TIOJHAS CHCTEMa
byHKIUH.

Bonpocut:

1. OpToronanbHbie (PYHKIIHH.

2. OpToroHajibHasi CUCTEMa TPUTOHOMETPUUECKUX (DYHKIIUH.

3. 3aMKHYTOCTb U MOJIHOTA CUCTEMBI TPUTOHOMETPUUYECKUX (PYHKIIUH.
Buvinonnenue npaxmuueckux 3a0anuii:

1. loka3zatp, uro pyHkuuu 1,

00pa3yloT OCHOBHYIO TPUTOHOMETPUUECKYIO CUCTEMY.

2. lokazaThb OPTOTOHAIBLHOCTH (TIOJHOTY, 3aMKHYTOCTbh) CUCTEMbI (DYHKITUH.

IIpakTuyeckoe 3ansaTue 11

Paznoxkenune pynkuuu B psig Pypbe

L]env 3anamus; HayduTh packiiaasiBaTh B psig Oypbe aieMeHTapHble (PYHKIUH.
Bonpocowi:

1. Paznoxenue 2n-nepuoanyeckux GyHKUUU B psg Oypbe

2. Paznoxenue 4€THBIX PyHKIUU B psig Dypbe.

3. Paznoxenue Heu€THBIX QyHKIUU B psig Dypbe

Buvinonnenue npakmuueckux 3adanui’

Paznoxuts pyaknuo f B psg Dypbe
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1—
a) f(x)= Tx, 110 CUHyCaM KpaTHBIX AyT Ha untepsaie (0;7);

7_
0) f(x)= 5 x, 10 CUHYCaM KpaTHbIX IyT Ha untepsaie (0;7);
T—X
B) f(x)= 7 10 KOCUHYCaM KpaTHbIX 1yr Ha unTepBaie (0;7);
7T—x
r) f(x)= S 10 KOCUHYCaM KpaTHBIX 1yT Ha unTepBaie (0; 7).

IIpakTuyeckoe 3ansaTue 12
Pasznoxenune pynkuuu B psig @ypbe

L]env 3anamus. HAyYUTh pacKIaabIiBaTh B psig Oypbe KyCOUHO-TIIAAKHE PYHKIIUU
GbyHKIUN..

Bonpocowi:

1. Paznoxenue 2{-nepuogudeckux GyHkiuu B psg Oypoe
2. Paznoxxenune 4€THbIX GyHKIUU B psig Dyphbe.

3. Paznoxenue Heu€THBIX PyHKUUU B psig Dypbe
Buvinonnenue npakmuueckux 3a0aHuil’

Paznoxuts dynkuuo f B psiag Oypbe

1—
a) f(x)= Tx, 10 CUHYCaM KpaTHbIX IyT Ha uHtepsaie (0;7);

7_
0) f(x)= 5 x’ M0 CMHYCaM KpaTHbBIX IyT Ha uatepBaie (0;7);
T—X
B) f(x)= S 0 KOCHHYCaM KpaTHBIX 1yT Ha uHTepBaie (0;7);
T—x
r) f(x)= , IO KOCUHYCaM KpaTHbIX AyT Ha untepsaie (0; 7).

2
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3. PA3JIEJI KOHTPO.I51 3SHAHUM

3.1. Bonpocsl Kk 3auéty

1. MHo»xecTBa U onepaluy HaJl HUMHU.

2. CoOTBETCTBUS MEXTy MHOXKECTBaMH. BHUIIbI COOTBETCTBUI.

3. Momnocts MHOkecTBa.CueTHbIE MHOXECTBA M HMX CBOWCTBAa (YMETh
JIOKa3bIBaTh BCE CBOMCTBA).

4. MouHOCTh MHOKECTBA. MHOXECTBa MOIITHOCTH KOHTUHYYMa U X CBOICTBa
(YMeTb NOKa3bIBaTh BCE CBOMCTBA).

5. CpaBHenue moutHoctei. [Ipodiema KOHTUHYYyMa.

6. MeTtpuueckue npocrpanctsa. [Ipoctpanctso R".

7. Metpuueckue npoctpancTsa. [IpoctpancTBo Cpaypy.

8. Mertpuueckue npoctpanctsa. [Ipoctpanctso |y,

9. OTkpBITBIE T 3aMKHYThlE MHOXXECTBA METPUYECKOT0 MPOCTPAHCTBA
(mIpuUMepHI U CBOWCTBA).

10. [TocnenoBaTenbHOCTH TOYEK METPUYECKOTO IIPOCTPAHCTBA.
CX0IMMOCTh B METPUYECKOM IPOCTPAHCTBE.

11. [Tonmuble  meTpuueckue  mpocTpaHcTBa.  JlokasaTb  MOJHOTY
npoctpatcTB R", Crap).

12. [TpuHun cxumaromux orodopaxenuii banoxa.

13. OrpaHuyeHHble MHOXECTBA. BepXHss (HWXKHSA) TpaHULA U TPaHb
MHOxecTBa. CBoiicTBa BepxHeil (HIKHEHN) rpaHu.

14, [ToHsiTHE COCTABIJISIIOIIETO HMHTEpBaja OTKPBITOTO  MHOXECTBA.

Teopema 0 TPUHATICKHOCTH KAKIOM TOYKA OTPAHUUCHHOTO OTKPBITOTO
MHOKECTBa HEKOTOPOMY COCTABJISIONIEMY HHTEPBAIY.

15. [loHATHE COCTABJISIOIIETO HWHTEpPBAJA OTKPBITOIO  MHOKECTBA.
CBoiicTBa COCTaBISIOMMX HHTEpBaOB. CTpPOEHHE JIMHEWHBIX  OTKPBITHIX
MHOECTB.

16. [loHATHE  HAUMMEHBIIETO  OTpPE3Ka, COAEPXKAIIETO0  3aMKHYTOE
OTPaHMYCHHOE MHOXKECTBO. Teopema O JIOMOJIHEHWU J10 HAaWMEHBIIIETO OTpE3Ka.
CTpyKTypa TMHEHHBIX 3aMKHYTBHIX MHOKECTB.

17. CoBepuieHHble MHOXECTBAa. KaHTOPOBO COBEpIIEHHOE MHOXKECTBO U
€ro CBOMCTBA

18. Mepa OTKpBITOrO OTpaHUYEHHOTO MHOKECTBA U €€ CBOMCTBA.

19. Mepa 3aMKHYTOr0 OrpaHUYEHHOTO MHOYKECTBA U €€ CBOMCTBA.

20. BHyTpeHHsIs1 1 BHEILIHSA MEpBI U UX cBOiicTBa. Mepa Jlebera.

21. M3mepuMble MHOXKECTBA U UX CBOMCTBA.

22. [lonsitue wm3mepumoit GyHKIMU W UX cBoicTBa. JlokaszaTh
U3MEPUMOCTh HEMPEPHIBHON HA 3aMKHYTOM OTPAHUYEHHOM MHOKECTBE (DYHKIIUU.

23. [TonsiTue m3MepuMoON (QYHKIMH, CBOWCTBA H3MEPUMBIX (DYHKIUH.
Teopema Jly3uHa.

24, Omnpenenenue unterpana Jlebera ot orpaHudeHHON (PyHKITUH.

25. Bepxusst u unmxHare cymmbl Jlebera 1 nx OCHOBHbBIE CBOMCTBA.
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26. Onpenenenne wuHTerpana Jlebera. Teopema o cCylmiecTBOBaHHH
uHTerpana Jlebera.

27. OcHoBHBIC cBOMCTBa HHTETpaa Jledera.

28. Cas3p Mex 1y uHTErpasioM Pumana u narerpanom Jlebera.

29. Cymmupyemble HeoTpunareiabHble (Qynkuuu. Murterpan Jlebera ot
HEOTPUIATEILHOU U3MEPUMON (PYHKITHH.

30. CymMmupyembl (pyHKIIUU TIpoU3BoJIbHOTO 3Haka. MHrterpan Jlebera ot
U3MepUMOi (DYHKITUU TIPOU3BOJIBHOTO 3HAKA.

31. [IpocTpaHCTBO CyMMUpYEMBbIX (GyHKIHH L.

32. [IpocTpaHCTBO CyMMHUPYEMBIX ¢ KBajpaToM (QyHKIHH L.

3.2. MarepuaJibl K HTOr0OBOM padore

BAPUAHT 1

Nel. YcTaHOBUTB B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIY OTpE3KOM -1,3 u

unrepsanrom € 4;4:.

4%, xe p1\P

Ne2. Jlokazate, uro ¢pyukuus f(X) = _
arctgx—x%,xe P 1

(P-muoxectBO Kantopa) unrerpupyema no Jlebery Ha orpeske [0;1]. Beruncauts

unterpan Jledera. byner nu ata Qynkuus uaTerpupyema o Pumany?

BAPUAHT 2

Nel. YcraHOBUTE B3aMHO OIHO3HAYHOC COOTBCTCTBHUC MCIK/IY IIOJIYUHTCPBAJIOM

(-1;,0]u unTepBanom € 4;4:;

4 xe P1\Q

Ne2. Jloka3aTh, 4TO (PyHKIUS f(x)=
A by ) 2x-3,xeQn 1

— unTerpupyema no Jlebery

Ha otpeske [0;1].Beruncauth unrerpan Jlebera. byner nu sata hyHkius

uHTerpupyema no Pumany?
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BAPUAHT 3

Nel. YcraHOBUTE B3aUMHO OJHO3HAYHOC COOTBCTCTBHUC MCKIY OTPC3KOM [3,3_ u

aydom (—0;0].

%,Xe fe\Q
Jx,xeQn fe_

Ne2. Jlokazath, 4TO (PYHKIIHS f(x)= uHTerpupyema o Jlebery

Ha otpeske [1;e].Boruncnurs unrerpain Jlebera. byaer nu sta pyHkius

uHTerpupyema no Pumany?

BAPUAHT 4

Nel. YcTaHOBUTB B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY IMOJyUHTEPBAIIOM

(=1;2] u yrcnoBO¥ MPSAMON.

1 -
X_Z’XE I12_\Q
sinvx,xeQn 2~

Ne2. Jloka3atk, 9T0 QYHKIIHSI f(x)= UHTETpUpyEeMa 110

JleGery Ha otpeske [1;2]. Beruricnuth nnaterpan Jlebera. byaer m ata GpyHKus

uHTErpupyema no Pumany?

BAPUAHT 5

Nel. YcTaHOBUTH B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY YHUCIOBOM MPSMOU U

orpeskom |33
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Ix,xe fe\Q
YxInt xeQn e
X

Ne2. Jlokasatb, 9To (QyHKITHS f(x)= — HMHTETpHpyeMa 10

JleGery Ha otpeske [1;e].Berancnuts unrerpan Jlebera. byner nu sta QyHKIus

uHTerpupyema no Pumany?
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4. BCIOMOT ATEJBHBIN PA3JIEJ

4.1. YueOHast mporpaMmma

Yupexnenue odpazoBanusi
“Besiopycckuii rocyJapcTBeHHBIH MeJarornyeckuii yHuBepcuTeT
umenud Makcuma Tanka”

YTBEPXJIAIO

TEOPUS ®YHKIUMI JEMCTBUTEJILHON NEPEMEHHOM

Y4eGnas nporpaMma yupexaeHusi BLICIIEro 06pa3oBaHus
no y4eOHol qucnunInHe (Mo BLIGOPY CTyAeHTa) ISt CHeNHAILHOCTH:
1-02 05 01 MaTtemaTHka u HHpOPMATHKA

2016 r.
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Vue6Has mporpamMma cocraBieHa Ha ocHoBe OO6pa3soBaTeNbHOrO CTaHAapTa
BBICIIEro 06pa30BaHuUs MepBas CTyNeHs cnenuansHocTs 1-02 05 01 Maremaruka 1
unpopmaruka (OCBO 1-02 05 01 — 2013) u YueGHoro miaHa CnelUaIbHOCTH
1-02 05 01 Maremaruka 1 uHbopMmaTHka (perucrpauuonnsii Ne 152 — 2013/y or
25.07.2013r.)

COCTABMUTEJIb:

WNH.Tyno, nmoueHt xadeapbl MaTeMaTHKM M METOAUKH IIPENOJaBaHMsA
MaTeMaTHKM y4pexaeHus oOpasoBanus «bBenopycckuil —rocyiapCTBEHHBIN
IeJlaroruueckuii yHuBepcuteT umeHd Makcuma Taska», kanaunar ¢uzuko-
MaTeMaTHYeCKUX HayK, JOLEHT

PEIIEH3EHTBI:

T.H.Xoposuna, mouent Kadempsl Teopuu  GyHkumii  benopycckoro
rOCYJapCTBEHHOTO YHHBEPCUTETa, KaHIUIAT (U3MKO-MAaTEMATHIeCKuX Hayk,
JIOLIEHT;

[O.A.Bsikaiopos, npodeccop kadenpsl HHGOPMATUKA ¥ METOAUKY NPEOJaBaHHs
MHQOPMATHKM y4pex/eHus obpasoBaHus «benopycckuii TrocyAapCTBEHHbINA
[Ie[aroruyeckuii yHuBepcuTeT MMeHM Maxcuma TaHka», KaHIu#aT OGU3MKO-
MaTeMaTH4YeCKUX HaykK, TOLEHT

PEKOMEHIOBAHA K YTBEPKJIEHHIO:

Kadenpoii MaTeMaTHKX ¥ METOAMKH NPENO[aBaHusl MATeMATHKU
(mporoxon Nel0 ot 10.06.2016 r.),

7
H.o. 3aBexyromiero xabenpoi é/f/é Z C.M.Bacunen
Z

CoseroM ¢axynsreTa
(mpotokon Nel2 or 29.06.2016 r.)

Odopmienre yd4eOHOW INpPOrpaMMbl ¥ CONPOBOXJAIOUIMX €€ MaTephaloB

IeiicTByIomMM TpeGosanusM MunuctepeTsa o6pasopanus PecryGnuku benapycs
COOTBETCTBYET

Mertoauct yaeOHO-METOANIECKOTO

ynpasiesus BI'TTY

/Z C.A.Crapony6

OrBercTBennsIi 3a pepaknuro: .H.I'ymo
OrtsetcTBeHHbIH 3a Boimyck: L.H.I'yno
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MHNOACHUTEJBHASA 3AIINCKA

[IporpaMMa gUCHUIUIMHBI TO BBIOOPY cTymeHTa «Teopust GyHKIMA
JNCHCTBUTENLHOW  MEPEMEHHOW»  COCTaBlI€HAa JUIsl  CTYACHTOB  (DH3HKO-
MaTeMaTHYecKoro  (QaxkympTeTa B~ COOTBETCTBHM €  TpeOOBaHUSIMHU
o0pa30oBaTenLHOTO CTaHAapTa BhICIIETo oOpazoBanus cneruaibHocTr 1-02 05 01
Maremartuka u nH(pOpMaTHKA.

«Teopuss ¢GyHKUMI JEHCTBUTENBHOM NEPEMEHHOI» OCHOBBIBA€TCS Ha
KJIACCUYECKOM aHaJiu3€ U TEOPUH MHOKECTB, TECHO CBSI3aHA C JIMHEHHOU areOpoit
U TeOMETpHUeil. DTOT KypC WUIpaeT BaXKHYIO POJb B CUCTEME MaTEMaTHYECKOrO
oOpa3oBaHus OyAylIUX YYUTEJEW MAaTeMAaTHKH, TaK Kak psij (yHIaMEHTaJIbHbIX
NOHATUN MATEMaTUYECKOTO aHalIW3a, TaKWX, HAPUMEp, KaK Mepa MHOXECTBA U
WHTErpajl, HAXOJUT CBOE CTPOroe OOOCHOBAaHHWE M €CTECTBEHHOE O0OOIICHHE B
Teopun (YHKIMM ASHUCTBUTENBHOM TepeMeHHOM. [Ipu m3ydeHum sToil yueOHOM
JUCUUIUIMHBL CTYIEHTBl PacCMOTPST BOIPOCHI, U3YYEHUE KOTOPBIX HEOOXOAUMO
Uil ux Oenyromiel nmpogeccuu: cpaBHEHHME OECKOHEYHBIX MHOMKECTB, CTPOEHHUE
JIMHEMHBIX MHOYKECTB, CBEJICHUSIMU 00 0000IIIEHNHM KaK METOJIE MCCICIOBaHNs Ha
npumepe Teopun uHrerpana Jledera.

Henu n 3a1a4y TUCIIUIUIMHEI

OCHOBHBIMM LIETISIMA  AUCHUIUIMHBL «Teopust (QyHKUMI JOeHCTBUTEIBHON
MIEPEMEHHOW SABJISIIOTCS:

- pa3BUTUC MATCMATUYCCKOI'0O MBIIIJICHUS YHaIIIUXCS;

- OCBOCHHC CTyACHTaMU MCTOJ0B IIOCTPOCHUA n HCCICAOBaHUA
MaTCMaTH4YCCKHUX MOI[GJ'IGI‘/JI 9BOJIIOOMOHHBIX ITPOLCCCOB PCAJIBHOIO MHpaA.

OcHOBHBIMHU 3afadyamMu TUCHUTIINHBL «Teopust GyHKIMA JEHCTBUTEIHLHOM
MIEPEMEHHO SIBJISIFOTCA:

- YCBOEHUE CHENU(UIECKOT0 MOHATUHHOTO anmnapara TeOpun (PyHKITUH;

- COBEpIICHCTBOBAHME HABBIKOB CAMOCTOSITENIbHOM paboThl C HAy4YHOMH
JUTEPaATypOu;

- O606H_ICHI/I€ OCHOBHBIX ITOHSTHH U CTPYKTYp MAaTCMAaTUYCCKOI'0O aHajin3a.

HporpaMMa COoCTaBJICHA B COOTBCTCTBHH C TpC6OBaHI/IHMI/I 06p8.30BaT€JIBHOFO
CTaHagapTa BBICIICTO O6p8.30BaHI/IH N pacCurTaHa Ha HU3YUCHUC AIUCHUIIIIMHBI B
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BOCBMOM CeMecCTpa OOyYeHHs, YTO OOYCIOBJICHO HEOOXOAMMOCTBHIO MOTYYCHUS
CTYACHTaMH JOCTAaTOYHBIX 3HAHMNA 1O MaTeMAaTUYECKOMY aHalu3y, aiaredope u
AHATUTHYECKOW TEOMETPUH, a TaKXKe TMNPUOOpeTEeHUs WMHU HEOOXOIUMOM
MaTeMaTu4yeckor KyabTyphl. [Ipenmnonaraercs cBoOOAHOE BiaJieHUE OCHOBHBIMU
MOHATUSIMUA MaTeMaTH4eCKoro aHaiu3a (Ipejell, HeMpPEepbIBHOCTh, MPOU3BOIHAS,
UHTErpal, psij), 3HAaHUE BAXHEHIIMX CBOWCTB HEMPEPBHIBHBIX (DYHKIIHM, U TEOpeM
Kypca nuddepeHIIMalIbHOr0 U UHTETPAIbHOTO UCUUCIICHHUS.

N3ydenne aMCIUIUIMHBI 1O BBIOOPY cryaeHTa «Teopus QyHKIMMA
JEUCTBUTEILHOM MEPEMEHHON» JTOJKHO 00eCneYnTh (POPMUPOBAHUE Y CTYJIEHTOB
aKaJIeMUYECKHUX, COIIUATIbHO-TMYHOCTHBIX U MPOGECCUOHAIBHBIX KOMIIETEHITUH.

TD€6OBaHI/IH K aKaICMHNYCCKUM KOMIICTCHIINAM

CTyneHT JOJKEH:
AK-3. BnaneTts ucciienoBaTeIbCKUMH HaBBIKAMH.

AK-5. BbITh CcHOCOOHBIM MOPOXJAAaTh HOBbIE ujeu (oOnagaTh Kpea-
TUBHOCTBIO).

AK-9. YMeTp y4uThCS, MOBBIMIATH CBOIO KBaTU(HUKALMIO B TEYCHHE BCEU
KU3HU.

AK-8. O6magaTh HaBBIKAMH YCTHOW M MMCbMEHHON KOMMYHUKAIIWH.

TDG6OBaHI/I${ K COTMAJIbHO-JIMYHOCTHBIM KOMIICTCHIINAM

CTyneHT JOJDKEH:
CJIK-3. ObnagaTh CHOCOOHOCTHIO K MEKITMYHOCTHBIM KOMMYHHUKAITASIM.
CJIK—4. Bnanetb HaBbIKaMU 3/I0pOBbeCOEpPEKEHUSI.

TD€6OBaHI/IH K HDOCb@CCI/IOHaJ'IBHBIM KOMIICTCHIIUAM

CTyneHT A0KEH ObITh CIIOCOOEH:

OO6yuatomas neaTeTbHOCTh

[TIK-5. Oprann3oBbIBaTh U MPOBOJUTH YUEOHBIE 3aHATHS PA3JIMYHBIX BUOB.
BocnurarenpHas 1€ST€IbHOCTD

[TK-9. OcymiecTBisITh ONTUMAIIBHBIA O0TOOP M 3G (PEKTUBHO pEeaIM30BHIBATH
TEXHOJIOTHH BOCITUTAHMSL.
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[1K-10. Oprann3oBbIBaTh U IPOBOAUTH BOCITUTATEILHBIC MEPOIIPHUSTHSL.

[IK-11. ®opmupoBath  0a30Bble  KOMIIOHEHTHl  KYJbTYPHl  JIMYHOCTH
BOCIUTaHHUKA.

PazBuBaroiias AesiTeIbHOCTh

[TK-15. Pa3BuBaTh ypOBEHb YYEOHBIX BO3MOXKHOCTEH OOydYarolIuxcs Ha
OCHOBE CHCTEMHOMH IMeJarOrMueCcKOi TUarHOCTUKH.

[1K-16. Opranu3oBbiBaTh U MPOBOAUTH KOPPEKIIMOHHO-TIEIATOTHYECKYIO
JEATEIIbHOCTh C BOCTUTAHHUKAMH.

HGHHOCTHO-OpI/IGHTaI_[HOHHaSI ACATCIIBHOCTD

[IK-21. OniernBaTh y4eOHBIC AOCTH)KCHHS YYAIIUXCs, a TaKKe YPOBHH HX
BOCIIMTAHHOCTH U PA3BUTHS.

[IK-22. OcymiecTBiaATh  caM00Opa3oBaHWE H  CaMOCOBEPIICHCTBOBAHUE
po¢eCCUOHATIBHOU JIEATEIIbHOCTH.

[IK-23. Opranu3oBarh MEIOCTHBIA TMEAArOTHYECKUH TIPOIECC C yYeToOM
COBPEMEHHBIX 00pPa30BaTEIbHBIX TEXHOJOTUN 1 TIEAarOrMYeCKUX HHHOBAIIHM.

[TK—24. Aranu3upoBaTh W OIICHUBATH IEIArOTUYCCKUE SBICHUS U COOBITHSI
MPONIJIOTO B CBETE COBPEMEHHOIO T'YMAaHUTAPHOTO 3HAHUSL.

TpeboBaHUA K YPOBHIO OCBOEHHS CONEPKAHUA VUEOHON JTUCIIUIUINHBI

B PE3YIbTATC HU3YUCHHUA  JUCHUINIMHBI CTYACHT HOJDKCH  OBJIAJACTDH
CJICAYIOIIMMHA 3HAHUAMUA U YMCHUSAMMU.

CTyneHT JOJKEH 3HATh:

* OCHOBHBIC TOHATUS W TEOPEMbl TEOpPUH (YHKIHMA JACHCTBUTEIHHOU
IIEPEMEHHON;

* MOHATHS Mephl JIebera, U3MEPUMOT0 MHOXKECTBA U U3MEPUMON (PYHKIINU;
* OlIpe/iesieHre U CBOMCTBA nHTerpana Jlebera;

CTyaeHT T0IKEH yMeTh:

* CpaBHUBATh OECKOHEYHBIE MHOYKECTBA,;

* BBIYUCJIATH UHTETpa Jlebera OT M3BMEpUMBIX U CYMMUPYEMbBIX (yHKITUH.
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B pPE3YyJIbTATC U3YUYCHUS JUCHUILJIMHBI 110 BBI60py CTYACHT JOJIZKCH BJIAACTH
MNPAaKTHYCCKNMHU YMCHHUAMMW IIPUMCHATH ITOJIYUYCHHBIC MAaTCMATHYCCKHUC 3HAHUA B
HCCTAHJAAPTHBIX CUTyallUAX HAYKHU W JKU3HH.

Meronsl 00y4eHUSI PEKOMEHAOBaHbl K MCHOJB30BAaHUIO B MPOLECCE
IpEenoAaBaHusl JUCUUIUIMHBL: COOOIICHNE MPenoaBaTes (CIOBO MPEnoiaBaTes),
Oecena, aHaiaW3, MOCTPOCHHUE AJITOPUTMOB, MOJEIUPOBAHHME, MATEMATHYECKHI
HKCIIEPUMEHT, CAMOCTOATENbHAs padoTa.

NudopmamoHHO-MEeTOANYeCcKas 4acTh y4eOHOM TMpOrpaMMbl BKJIFOYACT
CIIUCOK OCHOBHOM W JOTOJHUTEIBHON JTUTEPATYPhI, METOJUYECKUE PEKOMEHAAIIUN
M0 OpraHU3allid CaMOCTOSITEILHOM pabOThI CTY/IEHTOB, MEPEYCHb UCIOJIb3YyEMbIX
CPEIICTB TMAarHOCTUKH PE3yJIbTATOB yUeOHOU 1€ TEIbHOCTH.

HucrunnHa 1mo BbeIOOpY cryneHTa «Teopust (QyHKIUN 1eWCTBUTEIbHON

NepeMeHHoM» wu3ydaercas B 6 ceMecTpe IMpu JHEBHOW (opme monydeHus

oOpa3oBaHusl U B 7 ceMecTpe HpH 3a04HOM (opme NOoJydeHHs 0Opa30BaHUS.
CornacHO THUMOBBIM YYEOHBIM TJIaHAM Ha M3y4YeHHE YUeOHOW TUCIUIUIMHBI BCETO
OTBOJUTCS:

nHeBHas (popMa mosrydeHusi o0pazoBaHusi —82 vaca, U3 HUX ayJUTOPHBIX 52
yaca (Jiekuuid — 28 4YacoB, TMpaKTUYECKUX 3aHsATUA — 24 4yaca), Ha
CaMOCTOSITETIbHYIO pabOTy CTYJEHTOB, (pOpMa UTOTOBOT'O KOHTPOJISI — 3aUET;

3aouyHas (hopMa mojydeHus: oopazoBaHusi —82 yaca, U3 HUX ayJUTOPHBIX 14
yaca (IeKuuid — 8 4YacoB, MPAaKTHYECKUX 3aHATUNA — 6 yaca), popMa UTOrOBOTO
KOHTPOJI — 3aYET.

Opraau3aius CaMOCTOATEIHFHOU PA0OOTHI CTYIEHTOB.

Ha camocrosiTenbHyto pabOTy CTYyIE€HTOB OTBEIECHO IO TeMaM CJEIyIoLiee
KOJIMYECTBO YaCOB:

nHeBHas (opma noydeHus: oopazoBanus Bcero 30 yacoB (tema 1 — 8 yacos,
Tema 2 —6 JacoB, Tema 3 — 10 yacoB, Tema 4 — 6 4yacoB);

3aouHas (popma mosrydeHus oopazoBanus Bcero 68 yacos (tema 1 — 14 gacos,
tema 2 —14 yacos, TemMa 3 — 20 yacoB, Tema 4 — 20 4acos).

I[I/IaFHOCTI/IKa KOMIICTCHIIMHK CTYJACHTA.

IIpn m3yyeHMH AUCUMIUIMHBI IUIAHUPYETCS MPOBEIECHHE YCTHOI'O OmNpoca U
IPOBEPOUYHBIX PabOT B pamMKax y4deOHBIX YacOB, OTBEACHHBIX Ha ayJUTOPHBIC
3aHATUA 10 JUCHUIUIMHE. [IpOMEKYTOYHBIM KOHTPOJIb 3HAHUM OCYILECTBIISIETCS
MIOCPEACTBOM TECTOBBIX 3aJJaHUi1, TPOBEPOUYHBIX padoT.
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NTOroBei1 KOHTPOJIBL — 3a4€T — MPEAINOIAracT OTBETHl HA TEOPETHUYECKUE
BOIIPOCHI U BBIIIOJIHEHUE IPAKTUYECKOTO 33 1aHUS.
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COAEPKAHUE YYEBHOI'O MATEPUAJIA

Tema 1. MomHOCTH MHOKECTBA

[lepBoHauanbHble CBeneHUS O MHOXkecTBaX. (COOTBETCTBUA  MEXKIY
MHOXecTBaMU. lloHsATHE MOIIHOCTM MHOXeCTBAa. (CUETHBIE MHOMXECTBA M HX
cBoiicTBa. CUETHOCTh MHOXKECTB IIEJIBIX, PAIUOHATBHBIX U aIreOpandyeckux Ynces.
MHoxxecTBa MOIIHOCTH KOHTHMHyyma. Teopema Kantopa — bepniireiina.
CpaBHenne MomHocTed. IIpobnema koHTHHyyma. CylieCTBOBaHHE MHOKECTB
OOJIBIINX MOIIHOCTEM.

Tema 2. Mepa JleOera. U3smepumbie pyHKUIMU

JIuneitnple MHOecTBa. CTpOEHME JIMHEHHBIX OTKPBITBIX M 3aMKHYTBIX
MHOkecTB. CoBepluieHHble  MHOXecTBa. KaHTOpoBO  MHOXecTBO. Mepa
OTPAaHWYEHHOIO0 OTKPBITOIO MHOXECTBAa. Mepa OrpaHMYEHHOIO 3aMKHYTOTO
MHOXKECTBA. BHEmIHSAA M BHYTPEHHS MEpPbl OIPAHUYEHHOTO MHOXKECTBA M HX
cBoiicTBa. 3mMepuMbie MHOecTBa. M3Mepumble PYHKIIMM U UX CBOMCTBA.

Tema 3. UuTerpan Jle6era. IlpocTtpancrBa L, L,

Onpenenenue uHTerpana Jlebera ot orpanuueHHOM (QyHKUMU. BepxHss u
HIWKHSAA cyMMbl Jlebera u ux ocHOBHbIE cBoMcTBa. CylleCTBOBaHUE U OCHOBHBIE
cBoiictBa uHTerpasnia Jlebera. IlpenenbHblii mepexon MOJ 3HAKOM HWHTErpana.
CpaBHenue unrterpasioB Pumana u JleGera. MHTerpan oT HeOTpULIATEIBHOM
m3mepumort  pyukmuu. Cymmupyemsble ¢yukmuu. [IpoctpanctBa L, L.
Brruncnenne unrerpana Jlebera oT HeOrpaHMUEHHBIX (DYHKITHIA.

Tema 4. Paabsr @ypbe

OpTtoroHanbubie GyHKIMH. OpTOTOHANIbHAS cUcTeMa (PYHKIHUM. 3aMKHYTOCTb
U TMOJHOTA CUCTEMBbI TpUTOHOMeTpuueckux ¢GyHkuuid. Psg @ypee. Pasznoxenue
KyCOYHO-TJIa KON QpyHKIMHU B psig Dypre.
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MHOXkecTBaXx.  COOTBETCTBUSI  MEXIY
Kosnoksuym,
MHOXecTBamMu.  [loHATHE  MOIIHOCTH
2 2 Tectob [1-9] TECTUPOBAHUE,
MHOXecTBa. CueTHble MHOXECTBA U HUX .
. " YCTHBIN 0IpoC
cBoiicTBa. CYETHOCTh MHOXKECTB IIEJNbIX,
palMOHAJIBHBIX U alreOpanyecKux Ynucell.




1.2.

CooTBeTCTBUS MCKIOY MHOKCCTBaMU.
[lonsiTue MOITHOCTH MHOXXCCTBaA.

CueTHbIE MHOXKECTBA 1 MX CBOMCTBA.

[10,11]

1.3

MHo)ecTBa  MOIIHOCTH  KOHTHUHYyMa.
Teopema Kantopa —  bepHmrelina.
CpaBHenne  MomHocted.  IIpobnema
KOHTUHYyMa. CylIecTBOBaHHE MHOECTB
OOJIBIINX MOIIHOCTEM.

TecTrl

[1-9]

Kosoksuym,
TECTUPOBAHMUE,
YCTHBIN OpOC

1.4

MHoXxecTBa  MOIIHOCTM  KOHTHUHYyMa.
CpaBHEHME MOIIIHOCTEM.

NupuBrunyanbHbie
3aJIaHUsI

[10,11]

CamacrtogrenbpHas
pabota

1.5

MHoOXxecTBa Ha  YUCIOBOM  IIPSMOM.
3aMKHYTBhIE U OTKPBITbIE MHOXXECTBA, UX
ctpoeHue. CoBepIlIEHHbIE MHOXECTBA.
CosepuieHHOEe MHOkeECTBO KaHTopa.

[1-11]

Mepa Jlebera.
Gynxkumn

HN3mepumsbie

2.1

JIuneiinbie MHO>KECTBA. Ctpoenue
JUHEHUHBIX  OTKPBITBIX W  3aMKHYTHIX
MHOXeCTB. (CoBEpIICHHBIE MHOXKECTBA.
KaHTOpOBO MHOKECTBO.

Tecthl

[1-11]

Kosnoksuym,
TECTUPOBAHMUE,
YCTHBIN ONPOC

2.2

JIuneiinbie MHO>KECTBA. Ctpoenue

NuauBrnnyanbHbie

[10,11]




JIMHEHMHBIX OTKPBITBIX W  3aMKHYTHIX
MHOKCCTB. COBGpHICHHLIE? MHOXXCCTBaA.
KaHTOpOBO MHOJKCCTBO.

3aJaHus

2.3

Mepa OTrpaHU4YECHHOIO OTKPBITOTO
MHOKECTBA. Mepa OTPaHUYECHHOTO
3aMKHYTOI'O MHOJKECTBA. BHEWHIA U
BHYTPEHHSIS MEpBbI OTPAaHUYEHHOTO
MHOXKECTBA M MX CBOWCTBa. M3mepumeble
MHOYKECTBA.

TecTrl

[1-9]

Kosnoksuym,
TECTUPOBAHHUE,
YCTHBIN OIPOC

2.4

Mepa OTPAHUYEHHOTO OTKPBITOTO
MHO>K€ECTBA. Mepa OTPaHUYEHHOTO
3aMKHYTOTO MHOXECTBAa. BHemHss u
BHYTPEHHSIS MeEpBI OTrpaHU4YEHHOI O
MHOXKECTBA M MX CBOWCTBa. M3mepumeble
MHOKECTBA.

NnnuBuayanbHbIe
3aJlaHus

[10,11]

2.5

N3mepumble (YHKIMM M MX CBOWCTBA.
HN3mepumocThb OYTH BCIOZY
HEIPEPBIBHBIX (PYHKIUH.

2.6

U3mepumble (QYHKIIMM M MX CBOWCTBA.
DKBUBAJICHTHOCTh M3MEPUMBIX (PYHKIUH.
N3MepuMOCTb  CyMMBI, IIPOU3BEICHUS,
YaCTHOT'O JABYX U3MEPUMBIX (DYHKIIHH.

[10,11]

CamacrogrenbpHas
pabota
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HNurerpan Jledera. IlpocTpancrBa Ly,
L.

10

3.1

Onpenenenue wuHtTerpana Jlebera ot
orpaHuueHHOW (QyHKIMU. BepxHsas u
HIDKHSISL cCyMMBbI Jlebera M X OCHOBHBIE
CBONCTBA.

[1-9]

Kosoksuym,
TECTUPOBAHMUE,
YCTHBIN OIPOC

3.2

BepxHsis u HKkHIS cyMMbl Jlebera u ux
OCHOBHBIE CBOMCTBA.

NuauBuayanbHble
3aJaHus

[10,11]

3.3

CymiecTBOBaHME W OCHOBHBIE CBOMCTBa
unrerpana Jlebera. IIpeaenbHblil mepexo
noa 3HakoM wuHTerpana. CpaBHeHHE
uHTerpanoB Pumana u JleOera.

[1-9]

3.4

Metoasl BeiunciieHusi uHterpana Jlebera.

CpaBHEHHE HWHTErpajioB Pumana w
JleGera.

[10, 11]

CamacrogrenpHas
pabota

3.5

HNuTerpan oT HEOTPHULIATEIILHOU
u3Mepumort  pynkmmu. CyMMHpyeMbIe
byHKIINN. IIpoctpancTBa L, L.
Breruncnenne wuwHTerpana Jlebera  oT
HEOTPAHUYCHHBIX (PYHKIIUMN.

[1-9]

Kosoksuym,
TECTUPOBAHMUE,
YCTHBIN ONPOC

3.6

Cymmupyembie ¢ynkiuu. [Ipoctpanctsa

[10,11]
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L1, L,. Beruncnienune unterpana Jlebera ot
HEOTPAaHUYCHHBIX (VYHKIIHH.

4 Psaab1 @ypbe 8 6 6
4.1 | OproroHanpHble HKIIUH.
P Bynieu . Kosoksuym,
OproroHasipHass  cucremMa  (YHKIIHL.
4 2 TecTsr [1-9] TECTUPOBAHMUE,
3aMKHYTOCTb M IIOJIHOTA  CUCTEMBI .
. YCTHBIM OIIpoc
TPUTOHOMETPUUECKUX (PYHKIUH.
4.2 | OproroHajbHble PYHKIUU.
OpTtoroHanbpHasi cucteMa (PyHKITUMA. 5 4 NupuBrunyanbHbie [10,11] CamacrosiTenpHast
3aMKHYTOCTb U MOJTHOTA CUCTEMBI 3aJlaHuA ’ pabora
TPUTOHOMETPUUECKUX (PYHKIUH.
4.3 |Pan @ypee. PaznoxeHune Kyco4HO- Kosnoksuym,
rinagkoil pynkuuu B psig Oypee. 4 Tector [1-9] TECTUPOBAHUE,
YCTHBIN OPOC
44 | Pag @ypoe. PaznoxeHue KycoyHO- 4 NunuBuayanbHbie
rnankoi pyukiuu B psix Oypee. 3aaHusA
Bcero 28 24 30 3a4éT
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BYYISBHA-METAJIBIYHAS KAPTA

(3aBouHasi popma aTpLIMaHHS aXyKALbII)

KonmnuecTBo ayauTopHbIX L
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7 cemecTp
1. MolxHOCTE MHOKECTBA 2 2 14
1.1. | IlepBoHayanbHbIE CBEJICHUSA 0
MHOKecTBaX.  COOTBETCTBUS ~ MEXKIY
Kosnoksuym,
MHOXecTBaMu.  [loHSTHE  MOIIHOCTH
1 3 Tectob [1-9] TECTUPOBAHUE,
MHOKecTBa. CUeTHbIE MHOXECTBA WU HX .
. " YCTHBIN 0npoC
cBoiicTBa. CYETHOCTH MHOXKECTB IIEJbIX,
palMOHAJIBHBIX U alreOpanyecKux Ynucell.
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1.2. | CooTBeTCTBUA MEXAY MHOXXECTBaMHU.
CamacrosiTenbHas
[Tousitue MOIITHOCTH MHOKECTBA. 2 [10,11] 5
. aborta
CueTHble MHOYKECTBA U UX CBOMCTBA. P
1.3 | MHoXecTBa MOIIHOCTH  KOHTHHYyyMa.
Teopema Kantopa —  bepHiureiina. Konoksuym,
CpaBHenne  MomHOCcTed.  [IpoGmema 4 TecTsr [1-9] TECTUPOBAHMUE,
KOHTHHYyMa. CyllleCTBOBaHHE MHOXKECTB YCTHBIN ompoc
OOJIBIINX MOIIHOCTEM.
1.4 MHo)ecTBa  MOIIHOCTH  KOHTHUHYYMa. NupuBrunyanbHbie [10,11] CamacrosTenbpHas
CpaBHeHHE MOITHOCTEH. 3aIaHus ’ pabota
1.5 | MHoxecTBa Ha  YHUCIOBOM  MPSIMOM.
3aMKHYTBIE U OTKPBITBIE MHOKECTBA, HX 5 [1-11] CamacrosiTenbHast
ctpoeHue. CoBepIlIEHHbIE MHOXECTBA. paboTta
CosepiienHoe MHOkecTBO KaHTopa.
2. Mepa Jlebera. N3mepumblie 14
Gynxkumn
2.1 | JIuneitnbie MHO>KECTBA. Ctpoenue
. Kosnoksuym,
JUHEUHBIX OTKPBITBIX M  3aMKHYTBIX
P It 4 Tector [1-11] TECTUPOBAHUE,
MHOkeCTB. (COBEpIlIEHHbIE MHOXECTBA. .
YCTHBIN 0npocC
KaHTOpOBO MHOKECTBO.
2.2 | Jluneiinbie MHOJKECTBA. Crpoenue 2 [10,11] | CamacTosTennHAS

NuauBrnnyanbHbie
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JIMHEHMHBIX OTKPBITBIX W  3aMKHYTBIX
MHOKCCTB. COBGpHICHHLIE? MHOXXCCTBaA.
KaHTOpOBO MHOJKCCTBO.

3aJaHus

paboTta

2.3

Mepa OTrpaHU4YECHHOIO OTKPBITOTO
MHOKECTBA. Mepa OTPaHUYECHHOTO
3aMKHYTOI'O MHOJKECTBA. BHEWHIA U
BHYTPEHHSIS MEpBbI OTPAaHUYEHHOTO
MHOXKECTBA M MX CBOWCTBa. M3mepumeble
MHOYKECTBA.

TecTrl

[1-9]

Kosnoksuym,
TECTUPOBAHHUE,
YCTHBIN OIPOC

2.4

Mepa OTPAHUYEHHOTO OTKPBITOTO
MHO>K€ECTBA. Mepa OTPaHUYEHHOTO
3aMKHYTOTO MHOXECTBAa. BHemHss u
BHYTPEHHSIS MeEpBI OTrpaHU4YEHHOI O
MHOXECTBA M HMX CBOWCTBAa. M3mepumble
MHOKECTBA.

NnnuBuayanbHbIe
3aJlaHus

[10,11]

CamacrogrenpHas
pabora

2.5

N3mepumble (YHKIMM M MX CBOWCTBA.
HN3mepumocThb OYTH BCIOZY
HEIPEPBIBHBIX (PYHKIUH.

2.6

U3mepumble (QYHKIIMM M MX CBOMCTBA.
DKBUBAJICHTHOCTh M3MEPUMBIX (PYHKIUH.
N3MepuMOCTb  CyMMBI, IPOU3BEICHUS,
YaCTHOT'O JABYX U3MEPUMBIX (DYHKIIHH.

[10,11]
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HNurerpan Jledera. IlpocTpancrBa Ly,
L.

20

3.1

Onpenenenue wuHtTerpana Jlebera ot
orpaHuueHHOW (QyHKIMU. BepxHsas u
HIDKHSISL cCyMMBbI Jlebera M X OCHOBHBIE
CBONCTBA.

[1-9]

Kosoksuym,
TECTUPOBAHMUE,
YCTHBIN OIPOC

3.2

BepxHsis u HKkHIS cyMMbl Jlebera u ux
OCHOBHBIE CBOMCTBA.

NuauBuayanbHble
3aJaHus

[10,11]

3.3

CymiecTBOBaHME W OCHOBHBIE CBOMCTBA
unrerpana Jlebera. IIpeaenbHblil mepexo
1o 3HAaKOM

uHterpana. CpaBHEHHE

uHTerpanoB Pumana u Jlebera.

[1-9]

3.4

Metoasl BeiunciieHusi uHterpana Jlebera.

CpaBHeHue Pumana wu

JleOera.

VHTETPAJIOB

[10, 11]

CamacrogrenpHas
pabota

3.5

HNuTerpan oT

byHKIINH.
IIpoctpancTtBa Ly, L.
Jlebera ot

HEOTPULIATEITbHON
U3MEpPUMON CyMmMmupyemble
byHKIINN.

Bpiuncnenne  uHTErpana

HEOTPAaHUYEHHBIX (QYHKIIMA.

[1-9]

Kosoksuym,
TECTUPOBAHMUE,
YCTHBIN ONPOC

3.6

Cymmupyembie ¢ynkiuu. [Ipoctpanctsa

[10,11]

CamacrogrenpHas
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L1, L,. Beruncnienue unterpana Jlebera ot paboTta
HEOTPAHUYEHHBIX (QYHKIIUA.
4 Psaab1 @ypbe 20
4.1 OpTOroHaJILHBIE HKIIUH.
B by . Kosoksuym,
OprtoronanbHas  cucreMa  (DYHKIIMIA.
4 TecTsr [1-9] TECTUPOBAHMUE,
3aMKHYTOCTh UM TOJHOTAa  CHUCTEMBI .
. YCTHBIA OTIPOC
TPUTOHOMETPHUECKUX (DYHKITHH.
4.2 | OproroHajbHble PYHKIUU.
OpTtoroHanbpHasi cucteMa (PyHKITUMA. 8 NupuBrunyanbHbie [10,11] CamacrosiTenpHast
3aMKHYTOCTh M TTOJTHOTA CHCTEMBI 3aJlaHuA ’ pabora
TPUTOHOMETPHUCCKUX (PYHKITHH.
43 |Pag Dypee. Paznoxenue KycouyHO- Konoksuym,
rinagkoil pynkuuu B psig Oypee. 4 Tector [1-9] TECTUPOBAHUE,
YCTHBIN OPOC
44 | Pag @ypoe. PaznoxeHue KycouyHO- 4 NunuBuayanbHbie
rnankoi pyukiuu B psix Oypee. 3aJIaHUs
Bcero 68 3a4éT
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6. Crenpmamyk, H.T. Dnementsl Teopun anamutuueckux ¢yakmuit / H.T.
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7. Maiicens, JI.I. Kypc Bpimmimain matamateiki, TOK3, anepaupliinHae
smiudHHe / JI.I. Maiicens — Mu: 2003.

JlonosiHUTENBHAS

8. Maxkapos, M.II. [lononHuTEIbHBIE TJIaBBI MATEMATHYECKOTO aHaIm3a /
M.II. MakapoB — M: Hayka, 1975.

9. Hlaxno, K.V. DnemenTh TeOpuU QYHKIHI KOMITJIEKCHOW MTEPEMEHHOHN U
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METOANYECKHUE PEKOMEHJIALIMHU
O OPTAHU3AIIMA CAMOCTOSITEJIBHOM PABOTHI
CTYAETOB
B nmpouecce u3ydeHuss IUCHUIUIMHBI TO BbIOOPY cTyneHTa «Teopus
GyHKIMI  IEHCTBUTENbHON TMEepeMEHHONW» OONIbIIOe BHUMAHUE YAENsAeTCs
OpraHM3allMd  CaMOCTOSITENIbHOM pabOThl CTYACHTOB, KaKk TMpU HU3YyYCHHUH
TEOPETHUYECKUX BOIIPOCOB, TAaK U IPH BBINOJIHEHUHN IPAKTUYECKUX 3aJaHUN.
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CamocrosiTennbHasi paboTa CTYJIEHTOB peaju3yeTcss Kak B IIpolecce
ayJUTOPHBIX 3aHATUM (HA JEKUUAX, MPAKTUYECKUX 3aHATUSAX), TaK W Ha
KOHCYJIBTALMSIX, TPH BBINOJIHEHUU UHANBUAYAJIbHBIX 3a1laHUM U T.1.

DopMBbI CAMOCTOSITEILHON paOOThI CTYJICHTOB:

— BBINOJHEHUE WHAUBUAYAJIBHBIX 3a/JaHHI, HAlPpaBJIEHHBIX HA pa3BUTHE Yy
CTYJIEHTOB CAMOCTOSITEJIbHOCTU U METOJUYECKON KOMITETCHIINH;

— BBIMOJTHEHHE 00YYAIOIINX U KOHTPOJIbHBIX TECTOB;

OCHOBHBIMU 32/Ia4aMHU CAMOCTOSITEIbHON PabOThI CTYJCHTOB SIBJISIIOTCS:

— yriiyOJieHrue 3HaHUW U YMEHHM CTYICHTOB, IOJYYEHHBIX B XO/I€ TIAHOBBIX
y4eOHBIX 3aHATUH;

— (hopMHpPOBaHNE KOTHUTUBHBIX KOMITETECHIIHI;

— MOATOTOBKA CTYJAEHTOB K 3aHSTHSIM, K IPOMEKYTOYHOMY M HUTOTOBOMY
KOHTPOIJIIO;

— (opMHUPOBaHHE HABBIKOB CAMOCTOSATEIBHON HAyYHO-HCCIEA0BATEIbCKOM
NEATEIBbHOCTH.

CamocTtosTenbHass paboTa CTYJEHTOB IPOBOAMUTCA B MPEIYyCMOTPEHHOM
y4€OHBIM TUIAHOM 00BbEME.

HEPEYEHDb UCHIOJIB3YEMBIX CPE/ICTB IMATHOCTUKHA

JIns OLIEeHKM TOCTHKEHHUM M YPOBHSI 3HAaHHWM CTYJICHTA NP U3YYEHUU JUCHUTUINHBI
11€71€CO00pa3HO MPUMEHUTh HHCTPYMEHTAPUIA, KOTOPBII BKIIIOUAET

— CaMOCTOATCIIbHOC PCUHICHUEC 3aa491 Y JTOCKH,

— OJIMII-OTIPOC TIPH OOCYKICHUU TJIaHa PEIICHUS 3aJIa4l M OTACIIBHBIX ITYHKTOB
J1aHa;

— KOHTPOJIb BeJIeHUsI pabounx TeTpaaci.

4.2. CamocrosiTeibHast pad0Ta CTyIeHTOB
BAPHUAHT 1

Nel. f B3auMHO OJTHO3HAYHO OTOOpa)kaeT MPOMEKYTOK A Ha MPOMEKYTOK B.

Ykaxure OJIMH M3 BO3MOXXHBIX BAPHUAHTOB ITPOMCEIKYTKOB An B, €Cim

f(X)=vVx*+x+1.
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Ne2. YcTaHOBUTH B3aUMHO OJHO3HAYHOC COOTBCTCTBHUC MCKIY OTPC3KOM

I 33 uunrepanom € 4;4 .

Ne3. KakoBa MOIIIHOCTh MHOKECTBA TPEYTOJIBHUKOB Ha INIOCKOCTH, BEPILINHBI

KOTOPBIX UMCIOT PallMOHAILHBIC KOOPIUHATHI?
Ne4. Haiitu BHyTpeHOr0 Mepy MHOXxecTBa (-2;0) U[1,3).
Ne5. Haiitn BHeNIHIOI Mepy MHOXKecTBa [2; 6] W{12}.

Ne6. Haiitu mepy Jlebera muoxkects BUA,B\A,.BNA, eciin A=
{2” e N}, B=(1:4].
n

e 4n _ 1 4n+1 _ 1
Ne7. Haittu mepy JleGera MuoxkectBa U ;
n=1 4n 4n+l

4%, xe p1\P

Ne8. Jloka3zarp, uto pynkuus f(X) =
arctgx— x%,xe P~ 1

_ (P-mHOXeCTBO

Kantopa) unrerpupyema o Jlebery Ha orpeske [0;1]. Beraucauts uHTerpan

Jlebera. byaet nu saTa pyHKuMs nHTErpUpyema no Pumany?

BAPUAHT 2

Nel. f B3auMHO OJIHO3HAYHO OTOOpa)kaeT MPOMEKYTOK A Ha MPOMEKYTOK B.

VYkaxuTe 0MH U3 BO3MOXXHBIX BApHAHTOB IPOMEXKYTKOB A u B, ecin

f(xX)=1g(2+x+x?).

Ne2. YcTaHOBUTH B3aUMHO OAHO3HAYHOC COOTBCTCTBHUEC MCXKAY OTPC3KOM

I 33 u nonyunrepranom 12 .

Ne3. KakoBa MOIIMHOCTh MHOXKECTBA YU CIOBBIX HOCJ'I@I[OB&TCHLHOCTGI\/'I,

COCTaBJICHBIX U3 JBYX 4Kcen 2 u 87
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Ne4. Haiitu BHyTpeHor0 Mepy MHOXxecTBa (-3;-1)\W{2}.
Ne5. Haiitn BHenHIOIO Mepy MHOXecTBa [2;5] W{7,10}.

Ne6. Haiitn mepy Jlebera muoxxkects BUA,B\A,BNA, ecitn A=
{Zn =3 Ine N}, B=[2;5).

n

» n_ n+l
Ne7. Haittu mepy JleGera MuOkecTBa kfl[lllln L ; 1111n+1 1).

sin2x,xe P1\P

— (P-MHOXecTBO
3x—4,xePn 1

Ne8. Jloxazate, uto pyHkuus f(x)=

Kanrtopa) unrerpupyema no Jlebery Ha orpeske [0;1].Berancnute unTerpan

Jle6era. byaet nu sTa pyHKIusa nHTEerpupyema no Pumany?

BAPUAHT 3

Nel. f B3aMHO OJJTHO3HAYHO OTOOpaKaeT MPOMEXKYTOK A Ha MMPOMEKYTOK B.

2
VKaXUTE OJJMH U3 BO3MOXKHBIX BAPUAHTOB MPOMEKYTKOB A u B, eciu f (x) = 3% .

Ne2. YCTaHOBUTH B3aUMHO OJTHO3HAYHOE COOTBETCTBUE MEKITY

nonyuarepsaiom (—1;,2]u narepsanom € 4;4:;

Ne3. KakoBa MOITHOCTh MHOXECTBA, €CJIM YUCJIOBOE MHOXKECTBO COACPKHUT S

NpeiesbHbIX TOUYEK?
Ne4. Haittu BHyTpeHtor0 Mepy MHOXkecTBa [2;5] W{7,10}.
Ne5. Haiitn BHenHIOI Mepy MHOXecTBa [-3;-1]\W{0}.

Ne6. Haiitu mepy Jlebera muoxkects BUA,B\A,.BNA, eciin A=

{‘ 2: e N}, B=[2;5).
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0 5n _1.5n+1 _lJ

Ne7. Haiitu mepy Jlebera MHOXKeCcTBa U — .
n=l 5n 5n+1

4~ xe P1\Q

Ne8. Jloxazatp, 4TO PyHKIMS f(x)= — HHTETpHUpYyEMA 110
2x-3,xeQn P1_

JleGery Ha otpeske [0;1].Beruucnuts unterpan Jlebera. byaer nu ata ¢pynkius

uHTerpupyema no Pumany?

BAPUAHT 4

Nel. f B3aMMHO OJJHO3HAYHO OTOOpakaeT MPOMEXKYTOK A Ha MMPOMEKYTOK B.

Ykaxure OJHH 13 BO3BMOHBIX BAPHUAHTOB IIPOMCIKYTKOB An B, CCJIn
1

f(x)=(5-6x—x%) 2.

Ne2. YcTaHOBUTH B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEKAY OTPEZKOM

I 3.3 unysom (—o0;0].

Ne3. KakoBa MOIITHOCTH, MHOYKECTBA YHMCJIOBBIX ITOCJICA0BATCIbHOCTEH,

coctaBneHbIx u3 uncen 1 u 07
Ned4. Haiitu BHyTpeHor0 Mepy MHOXxecTBa [1;6) U{7; 9}.

Ne5. Haiitu BHeriHIOI0 Mepy MHOXkecTBa [2;5] W (7,10).

Ne6. Haittu mepy JleOera muoxkects BUA,B\A,BNA, eciin AZ{g: +14 Ine N} :
+

B=[3;6].

. © n _1 2n+1 _1
Ne7. Haittu mepy JleGera MuokecTBa ul[ ; j .

n 2n+1
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1 P
Ne8. JlokazaTh, 4T0 QyHKIHS f(x)=4 x’ xefelQ HHTErpUpyema 1o

Jx,xeQn fe”

JleGery Ha otpeske [1;e].Berauciauts nunrerpan Jledera. byaer nu ata GyHKIMSA

uHTerpupyema no Pumany?

BAPHUAHT 5

Nel. f/ B3auMHO OTHO3HAYHO OTOOpa)kaeT MPOMEKYTOK A Ha MPOMEXKYTOK B.

3+2x+x2

VYkaxxute ouH U3 BO3MOKHBIX BApUAHTOB MPOMEXYyTKoB A u B, eciiu  f(x) =e

Ne2. YcTaHOBUTH B3aUMHO OIJHO3HAYHOC COOTBCTCTBHUC MCKIY

noayunTepBaioM (—12] u uncioBoii npsMoii.

Ne3. KakoBa MOITHOCTh MHOKECTBA OKPYKHOCTEHN Ha IMIOCKOCTH C

HATYPaJIbHBIMH PaJInyCaMH, IIEHTPbI KOTOPBIX KMEIOT PAIHOHAIBHBIC KOOPAUHATHI?
Ne4. Haiitu BHyTpeHor0 Mepy MHOXkecTBa [-2;0] W (1;3].

Ne5. Haiitu BHeniHiOI0 Mepy MHOXecTBa [-1;6] W {1; 9}.

Ne6. Haiitu mepy Jlebera muoskects BUA,B\A,BMNA, eciu AZ{Sn +21 Hn eN } :
n+

B=(2;4).

s n_ n+l
Ne7. Haiitu mepy Jlebera MHOXKeCTBa ul( 2727n 1; 2727n+1 1] .

1 -
X_Z'Xe l12_\Q
sinvx,xeQn 2~

Ne8. Jlokazark, 9T0 QYHKIIHSI f(x)= UHTETpUpyeMa

no JleGery Ha otpeske [1;2]. Beraucnuts nunaterpan Jiebera. byner i sta dyHKIus

uHTerpupyema no Pumany?
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BAPHUAHT 6

Nel. f/ B3auMHO OIHO3HAYHO OTOOpa)kaeT MPOMEKYTOK A Ha MPOMEKYTOK B.
VYKaxkuTe 0IMH U3 BO3MOKHBIX BApUAHTOB MPOMEXYTKOB A 1 B, eciin f (x) =

In(3x — 2 - x?).

Ne2. YcTaHOBUTH B3aUMHO OJHO3HAYHOC COOTBCTCTBHC MCKIY OTPC3KOM [1,1_

Y YHCJIOBOU MPSMOM.

Ne3. KakoBa MOITHOCTb MHOKCCTBA BCCX NHTCPBAJIOB YHUCJIOBOM HpHMOﬁ C

ICJIBIMUA KOHIIAMH?
Ne4. Haiitu BHyTpeHor0 Mepy MHoxecTBa [3;4) U{5; ,9}.
Ne5. Haiitu BHenHio0 Mepy MHoecTBa {2;5} U (7,10).

Ne6. Haiitu mepy Jle6era muoxkects BUA,B\A,.BNA, eciin A=
{3” “Aine N}, B=[3:6];

n+1

Ne7. Haittu mepy JleGera MuoxectBa U ;
=1 27" 27"

w(z“ +1_27”+1—1]

Ne8. JlokazaTh, 4To QyHKLIHS

2 —
X .
a) f(X): X'3 ,XED,l_\(_?

- o l) ] uHTerpupyema no Jlebery na orpeske [0;1].
XeQn Pl

Breraucnuts uaterpain Jlebera. byaer nmu sta dyHkius uarerpupyema no Pumany?

BAPUAHT 7
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Nel. f B3aMMHO OJJHO3HAYHO OTOOpakaeT MPOMEXKYTOK A Ha MPOMEKYTOK B.
Ykaxxute oAuH U3 BO3MOXHBIX BAPUAHTOB IPOMEKYTKOB A U B, eciu

f(x)=x%+x+1.

Ne2. YcTaHOBUTB B3aMMHO OJJHO3HAYHOE COOTBETCTBUE MEXKY YHUCIOBOU

npsivoit m otpeskom |33 .

Ne3. KakoBa MOIITHOCTh MHOXKECTBA MATUYTOJBHUKOB Ha INIOCKOCTH, BEPIIIMHBI

KOTOPBIX UMEIOT I[EJIbIe KOOPAMHATHI?
Ned4. Haiitu BHyTpeHoro Mepy MHOxecTBa [-3;0) U{ 3}.
Ne5. Haittu BHeniHIO0 Mepy mHOKecTBa [1;3] W {7; 20}.

Ne6. Haiitu mepy Jlebera muoskects BUA,B\A,.BNA, eciin A=
{ N+, N}, B=(0:1).

2n+2

Ne7. Haiitu mepy Jlebera MHOXKECTBa U ;
11n 11n+1

©(2.11" -1 3-11" -1
n=1

Ux,xe feAQ
Ne8. Jlokasatb, 4To QyHKIHS f(x)= 3/x In1 xeQn fe_
X T

uHTerpupyema no Jledery Ha orpeske [1;e].Berurcnute unrerpan Jlebera. byaer nu

3Ta PyHKLIUA HHTErpuUpyema no Pumany?

BAPUAHT 8

Nel. f B3auMHO OJTHO3HAYHO OTOOpakaeT MPOMEKYTOK A Ha MPOMEKYTOK B

Ykaxure OJIMH M3 BO3MOXXHBIX BAPHUAHTOB ITPOMCEIKYTKOB An B, €Ciim

f (X) _ eX2+2X—3.
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Ne2. YcTaHOBUTH B3aUMHO OJHO3HAYHOC COOTBCTCTBHUC MCKIY JTYy4IOM i,-l—OO) 151

YHCJIIOBOM MPSIMOM.

Ne3. KakoBa MOITHOCTh MHOXECTBA MSITUYTOJIbHUKOB HA MJIOCKOCTH, BEPIIUHBI

KOTOPBIX UMEIOT PAllMOHAIbHBIE KOOPAUHATHI?
Ned4. Haiitn BHyTpeHIot0 Mepy MHOkecTBa (3;4) U {5,9}.

Ne5. Haiitn BHenHIO0 Mepy MHOXecTBa [12;16] W {20}.

Ne6. Haiitu mepy Jlebera muoskects BUA,B\A,BNA, eciu A={2nn +11||n € N} ,
+

B=(1:4].

. 0 n _1 n+l _1
Ne7. Haiitn mepy Jlebera MHOXKECTBa L_Jl( 3 33TJ

4, xe pp\p

Ne8. /lokazath, yTo GpyHKIMS f(X)= )
x—x*,xePn Pl

— (P-muO)ecTBO KanTopa)

unTerpupyema no Jlebery na orpeske [0;1]. Beraucnurs unrerpan Jlebera. byaer nu

aTa PyHKUUA HHTErpupyema no Pumany?

BAPUAHT 9

Nel. f B3auMHO OJTHO3HAYHO OTOOpakaeT MPOMEKYTOK A Ha MPOMEKYTOK B

VYkaxuTe 0MH U3 BO3MOXKHBIX BApHAaHTOB IPOMEXKYTKOB A u B, ecin

f(x) =In(4—x?).

Ne2. YcraHOBUTH B3aMMHO OIHO3HAYHOC COOTBCTCTBHUC MCIK/Y HHTCPBAJIOM

€ 4,4 v 9uCcIOBOIf TIPAMON.

Ne3. KakoBa MOIIIHOCTh MHOKECTBA BCEX MHTEPBAJIOB YACIOBOM MPAMON C

PallOHaJIbHBIMHA KOHH&MI/I?
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Ne4. Haiitu BHyTpeHoro mepy MHoxecTBa (-2;0) w{1,3}.

Ne5. Haiitn BHenHIOI Mepy MHOXecTBa [1;6]W{7,9}.

Ne6. Haiitn mepy Jlebera muoxxects BUA,B\A,BMNA, eciu A={3nn+1||n € N} :

B=(3;4).

© n_ n+l
Ne7. Haiitu mepy Jlebera MHOXKeCTBa Y 8 1.8 1)

g" '

8n+l '

x?-2x,xe p1\Q

Ne8. JlokasaTh, 4TO (QYHKIUS f(x)= h
it (yHkn (x) 3 xe0n f1-

UHTETpUpyema 1o

Jle6ery Ha otpeske [0;1]. Beruucnuts unrerpan Jlebera. byner nu sta pyHKuus

uHTErpupyema no Pumany?

BAPHUAHT 10

Nel. f B3auMHO OJTHO3HAYHO OTOOpaXKAET MPOMEXYTOK A Ha TPOMEKYTOK B

VYkaxuTe 0MH U3 BO3MOKHBIX BApHAaHTOB MPOMEXYTKOB A u B, ecin

I S
5—6x—x2'

f(x) =
Ne2. YcTaHOBUTE B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEKIY HHTEPBAIOM
€ 4,4 unygom (—0;0].

Ne3. KakoBa MOIIIHOCTh MHOKECTBA JIFOOOT0 MHTEPBAIa YUCIOBOU MPSIMOI C

parMoHaIbHBIMU KOHIIAMH?
Ned4. Haiitu BHyTpeHioto Mmepy Mmuoxkectna (-20;-10]w{1,31};

Ne5. Haiitn BHeNIHIOIO Mepy MHOXecTBa (2;5] W (7,10).
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Ne6. Haiitu mepy Jlebera muoskects BUA,B\A,BMNA, eciu A={22+1Hn eN },
n

B=(3;4).

© (2" -1 2™ 1
Ne7. Haiitu mepy Jlebera MHOXKeCcTBa U ; :
n=1 2I’l 2I’H—l

x? —2sinx,xe 1 \Q

Ne8. Jlokazatk, 9T0 PYHKIIHSI f(x)= =
b 5%, xeQn P1_

uHTerpupyema no Jledery na orpeske [0;1]. Beruucnurs unrerpain Jlebera. byger
1M 3Ta QYHKIMS UHTErpupyeMa o Pumany?
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