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Abstract

Algebra of the operators connected with the nonlinear dressing chain is considered.
Some realizations of given algebra via the generators of the quantum algebra, which
corresponds to a nonlinear deformation of SU(2) and SU,(2) are proposed.
PACS: 0210 —Logic, set theory and algebra

The linear dressing chain and spectral theory of the Schrodinger operator were considered
in [1]-[2]. It was shown that the finite-gap theory and the generalization of the harmonic
oscillator with higher order creation-annihilation operators are closely connected. The
goal of this work is to consider the development of this method for the nonlinear dressing
chain. '

First we recall briefly the formulation of the problem. It is well known that the one
dimensional Schrédinger equation

Ly(z) = (=D* + u(z)) ¥(z) = M(z)

may be written such as the sequences of the hamiltonians Lj by the creation-annihilation

operators af in the nexi type:

Lj=ata; = (~D+f;)(D+f), §=0,£1,+2... (1)

]

The linear dressing chain is determined by chain of differential-difference equations for
functions f;

D(fj + fj+1) = .sz = _?+1 + AJ".

or, at the operator level, by the abstract factorization chain

b
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v =gt -
ajﬂajl—ajaj-i-)kj, (

where D = dfdx and ); are some constants.
One can also note that the following interwining relations are satisfying automatically
from (1)-(2):

LJTE; = u!;'!—L:'-F‘l H G.; L’ = L:‘+1 a; . [\”
Among the various reductions of the chain (2) there is a general periodic closure:
Lisn = qTL;T ™" +p, (1)

where 7' is some invertable operator [2]. So, we get the next symmetry polynomial



algebra: o
Hbt = b*(qH + ) ;

b=H = (qH + p)b~;
_ k=N-1
bth = h];Io (H — Ajsr); (5)

. k=N-1 :
bbt = 1 (gH + 4= dsns)

in realizations of operators :
H=1L;;

bt =a}...af N T; (6)
b-=T"'a;n1---85 -

In the present paper [ would like to stress two moments. The former deals with the de-
termination of the hamiltonians L; and Lj4; (1), (2) or the interwined relations (3). The
later is connected the periodic closure (4). Therefore, I propose the next generalization

of them:

L;A} = A7 9i(Ljs1);
A;Lj = gj(Ljy1) A5 ; (7)
Lyen= TP(LIT ™

where g;(z), Pj(z) are arbitrary functions of its arguments = and T is arbitrary invertable
operator. Let us introduce the operators:

Using (7), (8) we may to build the following nonlinear algebra:

KB* = g;jsn-1(P;(K))B*;

B™K = B~g;;in-1(Pi(K));
k=N-1

B™B* = Jﬂ]ﬁ gi+hi+N-1(P5(K)); (9)
B*B-="11 gilua(X
= ,E., Giirk-1(K) 5

where :
97 () # ;g5 97 (9()) ==;

. z, J> k i
ﬁdﬂ={ g;(z), j=k
gi(gina(.. gu(=)..)), F<k

Due to the freedom in choice of the functions g;(z), Pj(z) the algebra can take various
forms. According to [3] algebra (9) may be considered as the detailization of form for
nonlinear deformation SU(2). Then one found that there are only two cases with the
analytical formula for any values j, k in complex functions gj.(z). It is surprising that
these cases deal with the arithmetical and the geometrical progressions. In the first one
we have g;j(z) = cjz + d; and call this the linear dressing chain. The more detailed



examination of this will be given in the next paper. Now we represent some results for
nonlinear dressing chain. The second case is defined as follows:

gi(z) =ue”,  Pi(z)=psz+rj.

Substituting these explicit forms of the functions g;(z), P;(z) into (9) we obtain the next
nonlinear symmetry algebra:

KBt = B*Q(pK + r)%;
B K = Q(pK +7)"B~;

k=N-
B*B- = ]I G K (10)
k=0
k=N-1
BBt = ]I X;.(pK-{—'r)Y",
k=0

where the index j = 0 was fixed for simplicity of notation. Also in (10) we use the
following notations for structure constants of algebra:

1, k<0,
=y =k
Vea = v, k>0
=0

Q=Uina, R=Viwa Xe=gis

Y= Vjvl G =U. g1, Wi = V_ra

1, k<0
Uik = {‘ﬁ" uli"i.r_n k5.0
=0 -

Note that if we choose v; = 1, then this is the particular case of the linear dressing
chain. Let us consider more interesting example. - For new erator M = In K and
r = 0 we obtain next algebra of the operators M, B*, which nay be considered as the
generalization for SU(2):

MB*=BHRM +C); B-M=(RM+()B~;

B-Bt = k_II)’I IZi.EW.M' BYB- = Jl—l_Nl Ika"th'M'

k=0 k=0
where C =InQ + Rlnp.
To conclude, we proposed nonlinear generalization of the dressng chain and found sym-
metry algebra of the operators connected with them. Realizaion of given algebra via
the generators of the quantum algebra, which corresponds to anonlinear deformation of
SU(2) and SU,(2) was given.
There are some problems of general nonlinear chain those were mt discussed here. One of
them is related to the consideration of the one-dimensional relaivistic Schrodinger equa-
tions [4]. Another problems are the physical realizations or suprsymmetrical structures
of the constructions (7)-(9) and [5].
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